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A thesis

submitted to the Victoria University of Wellington

in partial fulfilment of the requirements for the degree of

Doctor of Philosophy

in Physics.

Victoria University of Wellington

2019





Abstract

The diffusion of knowledge through society proceeds like an invisible ripple that moves

between agents through multiple information channels. However, some types of knowl-

edge are recorded, systematised and digitised for the benefit of everyone. Patents and

academic articles are examples of such codified knowledge. These documents also contain

a common element that is utilised for linking new and established knowledge: citations.

This thesis harnesses citations in patents and scientific articles as proxies for sig-

nifying the existence of knowledge flows between cited and citing documents, focusing

primarily on the dynamics of citation accumulation and the mechanisms governing these

dynamics. For this purpose, it is helpful to think of patents and their citations as nodes

and links, respectively, in a network where new nodes join the network and distribute

their citations among existing nodes. This mode of thinking leads directly to the ques-

tion: How does the citation network grow? This thesis addresses that question both

empirically and theoretically.

Two mechanisms that can explain much of the observed citation dynamics are pref-

erential attachment and node ageing. The former mechanism reflects the tendency for

successful nodes (by citation count) to become even more successful, while the latter

captures the propensity for knowledge to become obsolete over time. The independence

of these phenomena is nontrivial, but has generally been assumed. We put this assump-

tion to the test for both patent and scientific-article citation networks and found it to

be generally true if precautions are taken to account for important context surrounding

the meaning of citations. Achieving a clear separation of these mechanisms is found

to be very useful both mathematically and empirically, as they can now be studied

independently.

Patents are particularly sophisticated documents, with various components holding

specific legal meanings. Associating certain properties of these components with pop-

ularity in the form of citation accrual creates a rare opportunity to build a framework

that can identify ex-ante node fitnesses and examine their effect on the growth of a cita-

tion network. We find that a significant portion of the preferential-attachment process

observed in the patent-citation network can be attributed to basic properties of patents



determined by their time of grant. Besides suggesting novel approaches towards estimat-

ing patent quality, the results of our work also provide a platform for gaining a deeper

understanding of the various mechanisms that underpin the success-breeds-success dy-

namics ubiquitously observed in complex systems.
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My doctoral journey was funded my Te Pūnaha Matatini, and I would like to thank

Shaun Hendy, Kate Hannah, Kathryn Morgan, and everyone else involved in this won-

derful research centre. At the start of my candidature, it quickly became obvious that

you are not just facilitating the transformation of a good student into a good researcher,

but you have cultivated an environment to ensure that everyone, Whānau and investi-

gators alike, is acutely aware of the social contexts within which research is conducted. I

am incredibly proud to have been involved in this endeavour, and honestly believe that

I am now a better human as a direct result of your efforts.
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Chapter 1

Introduction

In the age of big data and ever-increasing computational power, it is not surprising that

fields of study with the potential to simplify and extract useful information from massive

datasets have exploded in recent decades (e.g., [1–3]). In particular, scientists research-

ing complex systems in areas such as statistical mechanics or evolutionary biology have

now found themselves able to apply that technical knowledge to a vast range of problems

in areas previously inaccessible to empirical rigour [4–9].

The field of economics is particular is known for its empirical rigour. Since the birth

of the computer, economists have been processing large amounts of data in statistically

robust ways [10]. However, many popular frameworks that have grown out of the study

of complex systems have yet to enter mainstream economics. In particular, statistical

mechanics has produced a number of new mathematical frameworks for thinking about

large systems of interacting parts – the very definition of a complex system. Conven-

tionally, these interacting components would be particles, spins, or harmonic oscillators.

We have a good understanding of how each of these components behaves, the range of

system states that these behaviours lead to, and ways to test any predictions made. The

application of these mathematical tools, combined with existing econometric method-

ologies, certainly appears to be a potentially productive approach.

1.1 The Economy is a Complex System

The economy itself has long been understood to be a complex system [11]. It consists of

not only many components, but many types of components, and an unquantifiable range

1
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of behaviours and states displayed by each type. Components can be individual humans,

companies, governments, or anything these entities produce. The work detailed in this

thesis is focused on shining a light into a small corner of the broader topics of knowledge

diffusion1 and the dynamics of invention. The components under consideration in this

complex system are inventions and scientific articles, and in particular those inventions

with codified relationships to other components of the system - inventors, scientists,

firms, and industries to name but a few. Because these relationships are systematised

and digitised, there is little ambiguity about the existence of relationships between these

components. Therefore, a complex-systems framework is well suited to help us to answer

questions about the spread of knowledge between the different components of this system.

1.2 Collaboration is Key

While the existence of relationships between the components of our system is unambigu-

ous, the meaning of those relationships is less certain. It is at this point that domain

knowledge is vital to design and interpret the results of any analyses undertaken. This

ingredient is so often missing from research applying complex-systems frameworks to

economic questions, and this deficiency is one I hope to address in this work.

The most explicit relationships between technological inventions, in particular, are

citations between patents, and indeed these are the relationships on which I will focus

for the majority of this thesis. Most of the research done to date in bibliometric (docu-

ment) networks, however, concerns scientific articles. This is not unexpected, after all,

the scientists applying their knowledge of complex systems to these networks have a

good understanding of the system within which these citations are made and, therefore,

generally have both the domain knowledge and the skills with which to carry out the

appropriate analyses. It also happens that patent citation networks look very similar

to these scientific citation networks. As such, it is tempting to directly apply to them

analyses that have proven fruitful when applied in scientific citation networks. However,

patents and innovation economics generally lie outside of the knowledge domains of most

complex-systems scientists, and this results in these topics getting little attention when

compared to analogous work on academic research systems. Often when they do get

1In the sense of Cabellero & Jaffe [12], refering to the adoption, augmentation, and improvement of
ideas by people other than the originators of the idea.
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attention, there are no domain specialists involved in the research.

Adding to the problems above, there is an apparent reluctance on the part of the eco-

nomics community to experiment with new, complex-systems-based frameworks. While

work utilising patent citations has been happening for about 40 years [13] (and even

appearing in explicit network form very early on [14]), the application of new ana-

lytical tools from complex-systems science to innovation economics has yet to become

widespread. The most impactful applications to date are often case-studies, and the

tools utilised are rudimentary. In the words of Jaffe & de Rassenfosse [15],

“Studies by scholars using advanced network analysis tools offer little prac-

tical implications, whereas studies by scholars looking at real-world implica-

tions use quite basic network analysis tools. A promising way forward is to

better integrate the technical and the practical aspects of network analysis.”

This statement expresses a desire to fill what appears to many as an obvious opportunity

to leverage these new tools in order to close knowledge gaps through fruitful collabora-

tion between network scientists and economists.

1.3 Building (Sturdy) Bridges

The reasons for this lack of integration are numerous. One particular problem that re-

quires addressing is the apparent lack of awareness of or attribution to previous research

in economics from new research applying tools from complex systems to economic sys-

tems [16]. It may be tempting to believe that because old concepts are being placed in a

new framework, that the results will be, by definition, novel. This is often not the case,

and sometimes these new frameworks merely offer complementary routes to conclusions

that have been well understood in economics for many years. Additionally, just because

we have an exciting new tool to deploy, does not mean that it can be directly applied

in all situations, even where it may seem appropriate. Discussion or collaboration with

domain specialists is vital to ensure the tool is appropriate to the problem, and if not,

whether a modified approach may be developed to ensure the results are interpretable

and useful [17].

The suggestions above allude to a practical approach to developing new models to

understand real complex systems outside of the physical sciences; in short, the incor-
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poration of relevant domain knowledge into models and their application at every step

of the process – humans and our institutions are not amorphous particles and treating

us as if we were may lead to misleading results. For example, generative models in

network science are often constructed in order to predict or explain particular network

behaviours or characteristics, where some plausible mechanisms can be shown to lead

to the observed system properties. It is often challenging, however, to verify whether

the proposed mechanisms reflect reality [18]. In the case of patent citation dynamics,

as demonstrated in Chapter 4, a simple preferential attachment (PA) model appears to

explain the observed patterns of citations very well. This does not, however, consti-

tute evidence for PA as a mechanism. We know that many different mechanisms can

mimic PA [19–22]; or rather, PA is an attractive model that can mimic real mecha-

nisms that we do not yet understand. Unravelling the complexities of this system and

discovering the real mechanisms driving the observed behaviours is much more difficult

than testing a model on data [23,24]. The reality is that human systems are often very

context-dependent and annoyingly non-universal: our behaviour and institutions exhibit

complex behaviours that often cannot be understood without moving away from the gen-

eral and into the specific, and this should be reflected in our research [25]. It would be

desirable to integrate the best of both worlds – the new analytical tools being developed

to understand the behaviour of complex systems, combined with impetus grounded in

the real-world problems that typify economics research.

1.4 Real-World Impact

The more we know about the process of invention and scientific research, the subse-

quent diffusion of the resultant information, and the development of relevant metrics to

monitor progress, the better we can optimise the process of scientific and technological

research and thus increase the potential to accelerate progress in all fields [26]. More

specifically, the more understanding we have about what drives success in technology

and science, the more we can focus on supporting these drivers and the faster we can

improve the world around us.

Concerning research systems and their funding, the better informed on these topics

we are as a society, the better decisions we can make. Appropriate metrics for research

performance are essential for this purpose. These metrics must be grounded in sound

knowledge of the complex systems in which research is embedded. In other words, if we
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have a good understanding of the mechanisms by which important ideas are born, and

how they subsequently spread, we can adopt more informative metrics that capture the

aspects of research performance that are the most relevant to scientific and technological

progress [27].

1.5 Open Questions

Citations to patents and academic papers are often considered to be indicative of knowl-

edge flows [15, 28, 29] and are frequently used to assess the impact of technological and

scientific output [30,31]. It is well-known that highly-cited patents and papers will gen-

erally continue to attract more citations [32, 33]. It is also well-known that over the

lifetime of these documents, they are generally at their most relevant at the time they

are published [34]. However, the existing literature examining the citation dynamics of

papers and patents, both empirical and theoretical, consistently assume that these two

phenomena are wholly independent of one another [35–39].

This assumed independence is not at all self-evident, and further, the implications of

such independence would be a significant finding, as it would facilitate the study of both

the rise in popularity and the growing irrelevance of particular pieces of knowledge, de-

spite these phenomena being captured by the same data (citations) and occurring at the

same time. This kind of study requires the careful consideration of citation behaviour,

which may differ between fields and change over time, while also keeping in mind the

real significance of a citation in different contexts (in this case, patents and papers).

One avenue that could then be explored are the reasons for rising popularity in the

first place. In many fields, success does indeed beget success. When the success of an

academic article is proxied by citation counts, the general mechanisms responsible for

this effect seem clear – the more a paper is cited, the more likely to be discovered and

cited again. Patent citations, on the other hand, are strictly moderated and guided by

the law. Therefore, the direct, popularity-reinforcing mechanisms prevalent in academia

are almost non-existent, or at the very least, much more subtle in this context. These

citations are thus likely to be highly related to intrinsic properties of the patent. This

fact, in combination with the highly-structured nature of patent documents, means it is

possible to incorporate some basic metadata into the analysis described in the previous

paragraph to begin to understand the traits of these documents that can explain the
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observed success-begets-success phenomenon.

1.6 Philosophical Positioning and Scope

Invention is a complex process with so many inputs, outputs, and interactions between

agents in the innovation system that it is generally not possible to capture and incorpo-

rate all of this information into a coherent picture. When placed in a network framework,

invention takes place in a highly multilayered and interconnected system, with interac-

tions occurring between inventors, firms, attorney, examiners, and others, with little

data about the information transferred across these connections or even the existence

of connections in the first place. Thus, it is important to focus on particular aspects

for which data exists in order to extract useful information from any empirical analysis

of the system. Therefore, the available information delimits the scope of the research

described herein. Patents, for example, represent a result of many long, convoluted, and

unobserved processes and thus these units of observation are formally-structured bits of

knowledge that embody the sum of these efforts – they are themselves a coarse-grain

description of the inventive process up to that point. This view of the information con-

tained in patents delimits the scope of this thesis, and applies equally to the scientific

process and the resultant articles that are used as a point of comparison.

In particular, to answer any questions regarding the dynamics of knowledge diffusion

(in the context of inventions, the incorporation of old inventions into new ones), many

aspects of the innovation system will be convolved by necessity to obtain information

about the average behaviours that are of interest here. This process not only allows

for the identification of distinct behaviours of the system but also represents a starting

point for more granular analyses. This approach is also less sensitive to idiosyncratic

behaviours of the innovation system and is, therefore, more transferable across domains

while facilitating the comparison of entirely different social systems – the methodologies

and results of Chapters 4 and 5 have already been successfully applied in this regard [40].

Due to this aggregation of both time and units of observation, all analytic and em-

pirical results presented throughout this thesis are not dependent on the use of a network

framework, as no information about local network structure is utilised. However, the net-

work framework facilitates the conceptualisation of citations as directed knowledge flows

as well as providing language and mathematical results that allow both the comparison
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with, and extension into, truly network-dependent research, so I borrow terminology

from this literature where appropriate. Temporal networks [41] are an example of a

more specific network-dependent framework into which this work may be extended. Ap-

plications of this kind of approach include field-specific case studies where relationships

between inventors and firms may be established robustly [42], and there exists sufficient

time-resolution for characterising these changing network structures. In addition, with

more recent data it is possible to distinguish applicant-added citations from examiner-

added ones, and so there may be an opportunity to reduce the signal-to-noise ratio with

regard to measurable knowledge flows [43,44]. The problem remains, however, that even

the patent application dates that are available to us (and are utilised in this thesis)

come after variable-length periods of ideation (see below), research, development, and

drafting. The existence of these generally unobservable processes limits the amount of

information that is available to extract from this data – even with perfect information

about the inventor and firm networks on which knowledge is being diffused. The initial

transfer of knowledge that started the invention process may occur months or years be-

fore the timestamp on the formal document.

Many informal processes occur before and after the formal patenting process, and

large bodies of literature exploring these processes, that are not considered explicitly in

this thesis. Chronologically, the first is ideation - the process of discovering or forming

a good idea in the first place [45, 46]. Of relevance in the context of citation dynamics

are the types of ideation that lead to both a patent application and citation to prior

art (or in the case of scientific articles, publication and citations to prior literature), as

these are visible to us, and the types and numbers of citations made can indicate the

kind of ideation undertaken. Given that the average patent makes at least 5-10 citations

to prior art, and often many more, one may hypothesise that most patents are either

derivative ideas, which build on or modify an existing idea, or symbiotic, which combine

different ideas in a novel way [45]. Therefore, while the ideas crystalised in patent doc-

uments in principle capture many types of inventive activity (see Section 2.2.3 for more

detail), their citations will generally indicate their usefulness in the inception of ideas

that emerge from derivative and symbiotic ideation processes. Also of note concerning

the genesis of ideas is the relationship between the firm and the inventor: the amount

of autonomy given to inventors by their employers (and the vast majority of patents are

assigned to these employers) is likely to be very heterogeneous and complicates the study

of ideation in industrial settings – some inventors will be more limited in their avenue

of research than others. After a patent has been applied for, the patented material may
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be used in some way to recoup (and are expected to exceed) its cost of development.

This commercialisation process, and the diffusion of innovation that comes with it [47],

is also reflected in patenting activity by competitors who would like to compete in this

market. However, this feeds back into the ideation process of the competitors, which is

unobservable in patent data and is therefore immune to an empirical treatment without

additional (and generally private) information. This further justifies the aggregated ap-

proach – after all, this information is cannot be lost if it is not accessible in the first place.

Lastly, work contained in this thesis, while resulting in many exciting new findings,

focuses on building empirical frameworks for the study of innovation dynamics and is

inspired by methodologies commonly found in the physics and network science litera-

ture. While these frameworks are developed and applied to what is typically a concern

of the economics community, no specific policy implications arise from this work – it

is designed to study some of the characteristics of innovation without making a judge-

ment on whether these characteristics are good for society at large. Those working on

questions of policy may, however, be able to utilise the frameworks presented to answer

specific policy-related questions. The broad policy areas in which these frameworks may

provide future insights are noted where appropriate and generally concern the measure-

ment of technological or scientific output. In short, the results emerging from this work

are important for the understanding specific, fundamental aspects of the dynamics of

the innovation system and does not aim to link the observed behaviours of the system

to particular societal impacts.

1.7 Thesis Structure

With the scope and limitations of this thesis in mind, we can now turn to the particular

topics that are studied. First, Chapter 2 presents the economics background relevant

to patents, their citations, and their relationship with the dynamics of invention. This

will provide a context within which subsequent analyses, particularly those in Chapters

4 and 6 are applied and interpreted.

Chapter 3 introduces the mathematics of the dynamics of citation accumulation. The

mathematical frameworks that lay the foundation of much of the empirical work detailed

in the remaining chapters are derived here. This includes the derivation of a novel and

succinct master-equation-based solution to a separable rate equation for application to
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the dynamics of citation accrual. This solution links specific citation accrual mecha-

nisms such as the decay of relevance of knowledge with time and success-begets-success

phenomena to the citation distribution and to any quantity that may be derived from

the distribution, such as the average citation rate.

Chapters 4 and 5 apply these analytic results to real data, patent citations and sci-

entific citations respectively. The empirical methodology developed in these chapters

integrates the contextual knowledge detailed in Chapter 2 (and augmented for the sci-

entific context in Chapter 5) into the mathematical framework developed in Chapter 3

to gain insight into the common drivers of the growth and stagnation of these citation

networks. In particular, it is found that the mechanisms governing the growth and de-

cay of citation accrual for both patents and physics papers are separable. This result

has been frequently assumed in the literature; however, the results contained in these

chapters constitute the first careful examination of this assumption. After field and

time-varying extrinsic factors are controlled for, it is found that, indeed, the growth and

decay processes of citation accrual are generally able to be separated empirically and are

therefore likely to be mechanistically independent. The consequences of this finding as

well as important differences that arise within and between the two sets of documents are

discussed, respectively, in terms of field differences and real-world differences in citation

practice.

Chapter 6 then delves into the development of a more detailed picture of the intrinsic

properties of individual patents in order to understand the different dimensions of patent

quality and how these relate to citation accrual, and hence knowledge diffusion. The ci-

tation growth model developed and tested in the previous chapters is augmented with an

additional variable: patent fitness. It is found that a fitness metric that is carefully con-

structed from simple patent metadata can explain 20-30% of the cumulative advantage

(preferential attachment) effect observed when patent fitness is not accounted for. This

is the first demonstration of exogenous node fitness being incorporated into a growing

network model and has ramifications for the interpretation of patent citations. Addi-

tionally, this approach provides a framework that can be used to understand the relative

importance of cumulative advantage and node fitness effects in the growing networks

examined in other fields. Chapter 7 concludes.
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Chapter 2

Patents and Innovation Dynamics

In the widely cited work “Geography and Trade” [48], Paul Krugman contends that

“Knowledge flows [...] are invisible; they leave no paper trail by which they

may be measured and tracked, and there is nothing to prevent the theorist

from assuming anything about them that she likes.”

A lot has happened since those words were penned. Patents, and the citations between

them, have become a ‘window into the knowledge economy’ [49] precisely because they

leave a rich, varied, and easily accessible paper trail that can be used as a proxy to exam-

ine many different aspects of innovation dynamics when placed in their proper context.

Therefore, in order to use this resource effectively, it is essential to understand both the

relevant properties of patents and the complex relationship between these properties and

the ideas we are testing.

Much of the invention and innovation that sustains and advances modern society is,

in part, the result of patent protections. While in some industries the very idea of patent

rights are mired in controversy (and sometimes justifiably so), they form the backbone of

intellectual property protection in many sectors. Without patent protection, many firms

would not bother to invest in research and development (henceforth R&D). Without

the temporary, government-granted monopoly that patent rights bestow, there are often

few barriers preventing competitors obtaining a product and replicating every useful

aspect of it before commercialising their own version. In this scenario, firms would have

to compete against others selling exactly the same product, and these competitors do

not have to recoup the costs of inventing the product in the first place. In the absence

of patent protection, firms would put themselves at a competitive disadvantage almost

11
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every time they invest in R&D. This idea is so fundamental to technological progress in

a capitalist environment that monopoly rights for inventors have been around in some

form since at least the 15th century, when the architect Filippo Brunelleschi was granted

a ‘patent’ for his unique river transport vessel used to transport marble for his engineer-

ing projects [50]. The patent was an exclusive right enforced by the State of Florence

with the stipulation that anybody imitating this invention “shall be burned” [51]. Pun-

ishments for patent infringement have mellowed somewhat since this time.

The data source for the empirical research detailed in this thesis are those patents

granted by the United States Patent and Trademark Office (USPTO), and we will, there-

fore, focus our attention on the relevant aspects of patent law and the patenting process

specific to this office. Due to differences in patent law and patent office procedures be-

tween jurisdictions, it must be emphasised that the conclusions made in this work cannot

automatically be generalised to universal phenomena – some of the results may be in

part due to the eccentricities of the patent office and commercial environment particular

to the United States of America [52].

At this point, it is important to justify the reasoning for choosing the USPTO as the

primary source of data for this work. First, the patent data provided by the USPTO are

readily available, free to access, and are accompanied by extensive descriptive documents

(e.g. [53,54]) provided by The Office of the Chief Economist (OCE). The OCE is respon-

sible for the research branch of the USPTO and therefore understand the requirements

of those who would like to utilise patent data for research purposes. Second, as patent

rights are restricted to the jurisdiction that granted the patent, firms worldwide will of-

ten apply for a patent in the jurisdiction with the largest market for potential customers

– the United States of America is the largest market for many, if not most, commercial

products. As a result, the USPTO receives more applications than any other patent

office in the world except China, and the data are therefore one of the richest available

by virtue of this volume. Lastly, much of the research in innovation economics is based

on USPTO data (for the very reasons listed above), and this makes a comparison to

earlier work possible.

The right of the government to grant patents (among other types of intellectual

property) has been an important mechanism in the United States since its establishment

as an independent country. The Constitution of the United States states [55]:
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“The Congress shall have Power ... To promote the Progress of Science

and useful Arts, by securing for limited Times to Authors and Inventors the

exclusive Right to their respective Writings and Discoveries.”

While details of this patenting process are laid out in the Patent Act of 1790 and have

changed substantially in many respects, the fundamental aspects of this power have re-

mained the same.

2.1 What is a Patent?

At its core, a patent is an agreement between the inventor and the US government

whereby the inventor discloses the details of her invention. In exchange, the inventor is

granted exclusionary rights by the government that prevent others from making, using,

or selling the invention without permission for a set period of time. These exclusionary

rights, effectively a temporary monopoly, allow the inventor time to recoup the cost of

the resources used in the invention process with less concern for imitation.

This work will focus on utility patents which are defined by the U.S. Code [56] as

“any new and useful process, machine, manufacture, or composition of matter, or any

new and useful improvement thereof.” From this point on, anything that falls under

this definition will be referred to as an invention. While the vast majority of patents

issued are utility patents, it is worth noting that the USPTO also issues patents for

designs (which apply to the aesthetic properties of an object rather than their function),

and plant patents (for newly discovered/invented plants that can be reproduced asexu-

ally). These types of patents are entirely excluded from all analyses in this work due to

the differences in patentability requirements and examination procedures between these

patents and utility patents.

2.1.1 Legal Requirements

There are a number of requirements that must be adhered to for a patent to be considered

for grant. These requirements fall into five main categories [57]:

1. The invention must be patent-eligible in its subject matter, as determined by the

USPTO.
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2. The invention must have utility, that is, it must “perform a designed function or

achieve some minimum human purpose” [57].

3. The invention must be novel. This criterion is largely determined by prior art,

and therefore the establishment of novelty is one of the primary reasons for the

presence of the citations listed on a patent.

4. The invention must not be obvious to a specialist in the relevant technology field.

5. The invention must be described in language that is definite and clear in its inter-

pretation, and easily understood by a specialist in the relevant technology field.

After a patent is applied for, the inventor, their attorney, and the patent examiner gen-

erally go through a negotiation process to come to a compromise as to the extent of the

technological aspects covered by the patent. The inventor would like the invention to

be as broad as possible, in order to make it difficult for a competitor to invent around

the patent by finding a different way of achieving the same utility as the original patent

to compete without infringement. However, this goal is generally not compatible with

the requirements listed above, which leads to a narrowing of patent scope until either

an agreement is reached and the patent granted, or the applicant decides the new spec-

ifications are too narrow and the application is abandoned.

2.1.2 Patent Documents as Data

USPTO-granted patent documents have retained the same general structure for many

decades. The strict, universal layout has not only made the transferral of patent infor-

mation from paper archives into a digital database a mostly unambiguous exercise, but

also means the same data is available in the same format for every granted patent since

the mid-1960’s. One of the particularly useful aspects of this data from a research point

of view is the fact that every piece of information on the patent is legally well-defined

and relatively uniform across technology fields, which often makes the interpretation of

results less subjective than for other bibliographic data.

The general structure of a utility patent document can be seen in Fig. 2.1. Addi-

tionally, there are metadata surrounding the patent that are also available to the general

public. These metadata include both information about the patent before its issue, such

as the details of examination procedure, and after its issue, such as whether the patent
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Figure 2.1: Example of the front page of a USPTO patent. Information pertinent to
work in this thesis include (a) inventors, (b) application date, (c) CPC technology
classification, (d) patent number, (e) grant date, (f) backward citations to USPTO
patents, (g) backward citations to non-USPTO patents, (h) backward citations to non-
patent documents, and (i) information about the total numbers of claims and figures.
Note the assignees have mistakenly been given the country code for the Netherlands
(NL) rather than New Zealand (NZ), this is later corrected in the database but not on
this archival document.

has been renewed, litigated (although these data are limited), or whether the same in-

vention is patented in other jurisdictions.
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2.2 Patents as a Proxy for Inventive Activity

2.2.1 Patents and R&D

Schmookler [58] defines inventive activity as “work specifically directed towards the for-

mulation of the essential properties of a novel product or process”. Assuming firms then

patent these products or processes, patenting activity would appear to be a good mea-

sure of the level of inventive activity, where the inputs include resources such as time,

money, and inventors. The usual way to quantify these inputs is by looking at R&D

expenditure. Therefore, the first step in the validation of patent statistics as a mea-

sure of something economically interesting was to check the relationship between R&D

spending and patent output. If more resources spent on inventive activity (as defined

above) did not lead to increased levels of inventive output as indicated by patented in-

ventions (providing propensity to patent remained constant), then there was little hope

for their use as indicators of research activity. Much of the early work utilising patent

data, therefore, aimed to link patent statistics to existing indicators of inventive activity

in order to establish their usefulness.

The work of Jacob Schmookler in the 1950s and 60s was the first to attempt to

empirically investigate the nature of invention and its relationship to both inputs and

external economic forces [59, 60]. Patents were an obvious source – indeed one of the

only sources – of data for this endeavour, and his work provided substantial evidence for

the role of invention in the economic growth of a nation [58]. However, the first work

to empirically examine the patent-R&D expenditure relationship directly was that of

Pakes & Griliches [61]. The authors found a strong relationship between firms’ R&D in-

vestment and their patent output. Additional evidence for this claim was quickly found

using other data sources and investigated in more depth [62–64], placing patent-based

indicators on stable footing as a rich, plentiful, and easily accessible source of informa-

tion on inventive activity.

2.2.2 The Invention Machine

In their influential 1984 work, Pakes & Griliches [65] formulate a knowledge production

function that summarises the way in which research expenditure may be converted into

inventions. This function may be visualised as an invention machine with mysterious

and complex inner workings. First, firms input time, money, and other resources into the
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machine, which converts them to ‘additions to economically valuable knowledge’ [66],

and subsequently manifest themselves in a variety of ways as output. As these knowledge

additions themselves are generally unobservable directly, we must find indirect ways of

observing this output. Some of these indicators are financial, such as firm growth, pro-

ductivity, or value as a function of the resources expended to produce the knowledge.

However, these indicators are not only difficult to obtain data for, but they are also tied

to many other economic factors other than invention that also affect output; this can

present a challenge when attempting to establish causality.

Patents, on the other hand, are more like progress markers rather than explicit tar-

gets such as firm growth or productivity. They are indicators of advancement, and while

they do provide legal benefits to the patent owners in the form of intangible capital [67],

it is perhaps misleading to describe patents simply as outputs of the invention process.

In our invention machine analogy, patents play the role of an array of meters on the

side of the machine. One of the goals of empirical and theoretical research in innovation

dynamics is to understand the relationship between input, output, and the readings on

these meters. This is because the readings are so much more detailed and unambiguous -

patenting is an unusually (but necessarily) public and transparent process. It is for this

reason that much of this chapter will be spent detailing the eccentricities of the patent-

ing process in the USA, from the ever-changing legal landscape to the incentives of the

patent office to grant patents and even the characteristics of the USPTO workforce. All

of these factors have consequences for the numbers and types of patent grants, the size of

the inventive step, the lag between application and grant and its effect on firm patenting

strategies, among countless other flow-on effects. Once these quirks are understood, and

in some cases controlled for, it becomes possible to design effective analyses and evaluate

the results within their proper context.

2.2.3 What Inventive Activity Do Patents Capture?

While all patents nominally represent an invention of some sort, patent rights are not

the only way to protect intellectual property. The patenting process is costly, and firms

or individuals will likely only patent inventions for which they expect returns greater

than these costs [66].

One particular concern for the work contained in this thesis is the fact that differ-
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ent industries have different propensities to patent their inventions. There are myriad

reasons why firms choose not to patent an invention. While some industries may patent

every incremental improvement that is believed to satisfy the patentability requirements,

in other industries this kind of patenting is either not possible or not financially viable.

In an early work by Mansfield [68], the author surveys 96 companies from 12 different in-

dustries in order to study the patterns in their propensities to patent and find significant

variation between these industries. It is noted that there are many reasons for this vari-

ation, including rapid technological obsolescence rendering long-term patent protection

impotent, difficulty identifying or prosecuting potential infringers, or that the subject

matter is simply too costly to imitate in any case and so patents offer no additional

benefit.

Some inventions are exclusive due to firms merely keeping them secret – the Coca-

Cola ‘secret formula’ is the archetype of this kind of intellectual property protection.

This type of protection is called a trade secret and has been declining in strength in

many industries due to the new technology that can, for example, easily determine the

structure of a new molecule or semiconductor [68, 69]. In these industries, therefore,

patents may have become better indicators of inventive activity in recent decades as a

firm’s patents reveal more information about their inventive activity than previously.

Patent statistics completely excludes some industries simply due to their subject

matter not being patentable in the United States. For example, the Supreme Court

of the United States ruled in 2013 that naturally occurring DNA sequences were not

patentable [70].

2.2.4 Bureaucratic Effects on Patent Grants

Over the course of a research program, a firm will seek patent protection for as many

aspects of the final product as possible, given the pros and cons of applying for this pro-

tection. In this view of invention, a patent can be interpreted as representing a quantum

of knowledge, some minimum inventive step that meets the criteria for patentability.

This concept is consistent with the above interpretation of patents as a progress marker;

for a particular technology a patent represents a specific amount of technological progress

- if the inventive step is too small then it may not meet the criteria for novelty, useful-

ness, or non-obviousness. If it is too large, the inventor may have risked competitors
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patenting a similar invention and lost their first-mover advantage.

Of course, the inventive step is an abstract concept, and the minimum step size re-

quired for a patent is subjective and dependent on many factors. These include small

administrative changes to the USPTO, legal precedent set by prominent court cases, and

the establishment of a centralised appellate court. Together, these events contributed to

the so-called the ‘patent explosion’ and, concurrently, the perceived relaxing of exami-

nation standards during the 1980s and 1990s [71,72]. This phenomenon exemplifies the

complex relationships between policy, administration, and patent output that need to

be taken into account in order to compare patents granted at different points in time.

Patent law is both changing continuously with differing political philosophies about

the purpose of patent rights [73], and adapting to incorporate or exclude certain types

of inventions as the social and technological environments (in which patents are embed-

ded) change. Additionally, the incentives and procedures of the patent office affect the

number and quality of the patents that are granted, and both of these change over time

as well. As an example of the latter phenomenon, in his 1990 review, Griliches [66] notes

that some of the large-scale changes in patenting behaviour as observed in patent grants

and applications are “nothing more than bureaucratic mirage”. The author of that work

observes that it is statistically and graphically clear that, in the short-term, the number

of grants made by the USPTO is more highly correlated with the number of examiners

available than the number of applications. These kinds of observations are concerning

to both researchers and policy-makers [71], as they force the conclusion that changes in

the resources available to the USPTO may have significant effects on the examination

times and potentially the quality of the patents that are granted. It is therefore essential

that these effects be controlled for in order to place patent grants from different points

in time on equal footing.

2.3 Patent Citations

2.3.1 The Citation Process

An essential part of the patent examination process is determining how a new invention

is different from those that came before it, that is, establishing novelty. This is a ne-

gotiation between the inventor, attorney, and examiner, and exists primarily to delimit
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the legal claims that a patent makes. Claims specify the scope of an invention and can

be either independent or dependent. Independent claims are the novel aspects of an in-

vention, while dependent claims narrow the scope of the independent claim with which

they are associated. It is generally the dependent claims that differentiate inventions

from those that came before, so-called prior art. Citations to prior art are often used

by the examiner to justify additions to the list of dependent claims. These citations will

henceforth be referred to as examiner citations.

Inventors are responsible for providing their own citations on application, due to the

obligation known formally as the ‘Duty of Disclosure, Candor, and Good Faith’, but usu-

ally shortened to ‘duty of candor’. The duty of candor requires all applicants to provide

the USPTO with all material related to the invention of which the applicant is aware.

This not only includes scientific articles or other non-patent material but most impor-

tantly, it requires the applicant to disclose relevant patents (including patents granted

in other jurisdictions) that the applicant is aware of and that may restrict the scope of

the final patent. These kinds of references to this prior art will henceforth be referred

to as inventor citations.

Inventors and examiners may cite prior art for a number of different reasons. First,

citations can directly call into question the novelty of a patent. These citations generally

justify narrowing the scope of the prospective patent by, for example, adding additional

dependent claims. This avoids any overlap in the technological space (see Section 2.3.2)

delimited by the claims of two different patents. Second, the size of the inventive step

implied by a particular claim may be challenged by a combination of patents. Taken as

a group, this combination may show that an inventive step is not as significant as it may

seem when the application is compared to each of these pieces of prior art individually.

Lastly, a patent may cite prior art that provides some technical background in order to

clarify the size of the inventive step and potentially establish utility, if this is questioned.

Recent work by Cotropia et al. [44] calls into question the importance of inventor

citations in testing the validity of patent claims, and therefore the necessity of the Duty

of Candour. The authors of that work collected information about the prior art used to

justify a narrowing of the scope of 1192 patents in the form of 3358 ‘novelty’ or ‘non-

obviousness’ rejections (a patent can be rejected multiple times). The prior art that was

used in this justification is then added to the list of citations. Since 2001, the USPTO

has made explicit (on the patent document) which citations were made by the inventor
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as part of their Duty of Candor and which were added by the examiner. The authors

were, therefore, able to identify the origin of the documents used to narrow the patent

claims. It was found that 87.2% of rejections were based on examiner-added citations,

despite examiner citations only making up 26.5% of all citations in the sample. This

result suggests that while inventor citations are generally seen as more likely to indicate

knowledge flow [43], they do not seem to play a large part in determining the boundaries

of the patent in technology space.

2.3.2 A Geometric Analogy

One way of thinking about the role of patent citations is to first imagine that technology

exists in some high dimensional space, and that patents specify a region in which the

technology described in the patent resides. These regions are government-granted plots

which may not be trespassed without explicit permission from the landowners. Patent

citations in combination with the claims work to delimit the technological space that

a firm can, if they wish, legally defend from trespass for as long as the patent is in

force, after which time the space becomes public. In particular, the citations indicate

the locations of nearby properties, while the claims in both the citing and cited patents

together establish a reasonably well-defined boundary between two properties. The size

of these properties differs widely from patent to patent, and one indicator of this size is

by looking at how many neighbours abut the property. While the citations to prior art as

displayed on a particular patent, henceforth backward citations, are the initial indicators

of this size, there are many directions in which the boundaries are not so clear. A better

indicator of this size is the number of people who cite the patent in question, hence-

forth forward citations. These are often patents that have had their claims narrowed

to prevent overlapping intellectual property. In this view, a patent’s true impact may

only become apparent when we discover many other patents attempting to encroach on

what is likely valuable intellectual property. This situation can often happen when a

patent is located on the boundary or frontier of human knowledge, with prior art only

limiting the size of this property on one side. This analogy is not perfect by any means;

however, it gives a nice geometric analogy to assist in the imagining of the legalities in-

volved in the ownership of intellectual property and the role citations play in this picture.
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2.3.3 Citations as Indicators

Patent citations have become very common indicators in a wide variety of economic

applications. Not only are citations indicators of relationships between inventions, but

they contain information about the relationships between inventors, firms, industrial

sectors, and more. This Section summarises the most prominent work done to present

in establishing citations as a valid tool for measuring the flow of knowledge, economic

value, technological quality, and social impact. Without establishing these relationships,

it is impossible to properly evaluate the empirical results contained in this thesis and

relate them back to these concepts.

Citations as Indicators of Knowledge Spillovers

One of the first applications of patent citations, primarily due to their economic impor-

tance, was the analysis of the extent to which knowledge spillovers occurred; that is,

how ideas diffuse between people, firms, and industries. This included a desire to under-

stand how and when the knowledge contained in newly patented inventions is utilised by

other, potentially competing, firms [28]. If an inventor utilises the information in another

patent, an acknowledgement is usually made in the form of a citation. However, there

exists a complicated relationship between citations made and knowledge flow. There are

different mechanisms for knowledge transmission (see Section 2.4.1), and these manifest

themselves in different ways on the patent document. For example, an examiner citation

is often assumed not to be indicative of a knowledge flow at all, but this view ignores the

informal ways in which an inventor can learn about aspects of another invention without

ever knowing that this information exists in the form of a patent. To this point, it has

been argued that one should be comparing the technological content of two patents to

establish the existence of knowledge flow in order to capture more informal forms of

knowledge transfer that are not reflected in citation data [74].

The first work that links patent citations to localised knowledge spillovers is that of

Jaffe et al. [28]. It is well known that industries tend to cluster together, the existence

of Silicon Valley being an archetype of this type of firm behaviour. What was not well

understood was the extent of any knowledge flows within these localised industries, given

their geographical distribution. In other words, because industries cluster and citations

often flow between firms in the same industry, the question is how much of this citation

flow is because these firms are geographically nearby over and above the expected citation
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flow due to technological similarity. It was discovered that geographic proximity indeed

had a significant effect on firms’ citation behaviour and constituted good evidence for ci-

tations as indicators of informal knowledge flow. This result provided the first suggestion

that citations were useful as indicators of something other than raw technological impact

– citations have the potential to be used to track the diffusion of ideas in time and space.

Jaffe et al. [28] has been corroborated in many other contexts, notably by Jaffe &

Trajtenberg [75] (international knowledge flows) and Maurseth & Verspagen [76] (Euro-

pean knowledge flows). The latter also provided the opportunity to examine the effect

that national borders and language differences have on these localised knowledge flows.

Localised geographic spillovers between universities and industry have also been discov-

ered [77].

Citations as Indicators of Economic Value

Patents can be used to measure a component of the economic value of a firm, often

referred to as the value of ‘knowledge stock’. The idea here is that, just like other in-

vestments made by a firm, a firm will generally expect a positive return on their R&D

investments. These returns are often difficult to measure precisely, as data on R&D

spending are notoriously difficult to collect and compare between firms. This opacity

occurs for a couple of reasons: publicly listed firms have different ways of accounting

and reporting their R&D spending, and private companies have no obligation to make

these numbers public. However, patents offer a way to consistently compare inventive

activity and knowledge stock among firms in the same industry. If this information

is combined with stock market data, then it is possible to link addition citations to

increased firm value [67] and even associate stock market movements to the grants of

particular patents [78].

There are also proxies that are often used to estimate the economic value of patents

that correlate with forward citations. Two notable proxies that have been shown to

correlate with forward citations are litigation events [79] and renewal events [80, 81].

Litigation events are deemed a good proxy for economic value under the assumption

that firms do not litigate against worthless patents, as this is an expensive exercise and

therefore litigated patents, on average, can be assumed to have a higher economic value
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than non-litigated patents1. Finding a correlation between litigation probability and

forward citations would, therefore, provide an indirect link between economic value and

technological impact. In one of the first studies to examine this relationship, Lanjouw

& Schankerman [79] found that, indeed, litigated patents were significantly more highly

cited than non-litigated patents. The authors also observed that litigated patents gen-

erally contained more claims than non-litigated ones, and so proceeded to run the same

analysis after normalising the number of forward citations by the number of claims.

They concluded that even after controlling for the the number of claims of the inven-

tion, litigated patents are still cited significantly more than non-litigated patents.

Renewal events, on the other hand, reflect a willingness on the patent owner’s part

to continue to pay the patent office in order to keep their patent in force. The fee to

do this, called maintenance, increases with time – a characteristic that researchers often

use to enrich their analyses. Much of this research assumes that firms will renew only

when they believe that keeping the patent in force will be more valuable than the price

of the maintenance fee, thus providing a measure of minimum patent value as assessed

by the firm holding it. The best-known studies that utilise these statistics as a proxy

for economic value come from Europe, where the maintenance fees are generally due on

a yearly basis until the patent term is complete. This payment scheme allows for much

better time resolution when compared to the same obligations in the USA, which occur

every four years until the twelfth year. En route to a survey of the private economic value

of a patent (see below), Harhoff et al. [80] found that patents that were renewed annually

for their full term were more highly cited than those left to lapse prematurely. In a more

recent work by Maurseth [81], the author also finds that additional patent citations do

indeed correlate with a longer lifetime. However, when these citations are disaggregated

by classifying them as cross-class citations or within-class citations, it is discovered that

cross-class citations drive this effect and that within-class citations actually negatively

correlate with lapse time. This observation may be due to the within-class citations

being more likely to represent knowledge spillovers to competing firms, and thus rep-

resent creative destruction [83] that leads to the patent losing its value much faster.

This particular work provides insight into the complexities and counter-intuitions that

are encountered when dealing with data representing the output of a complex economic

1The last decade or so has, however, seen an increasing number of frivolous lawsuits filed by non-
practicing entities who accumulate patents and target small businesses with the hope that the target’s
resources are not sufficient for full litigation proceedings, and therefore force settlement [82]. This abuse
of patent rights likely makes litigation probability less useful as a indicator of patent value.
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system and acts as a cautionary tale, particularly when both the independent and de-

pendent variables are proxy indicators for unobservable processes.

The most direct way of obtaining an estimate of patent value is by simply asking the

firm or inventor how much they believe the patent is worth. The best-known research of

this type was undertaken by Harhoff and collaborators [80, 84]. Harhoff et al. [80] con-

ducted a survey to establish the perceived value of 772 German patents, as determined

by the firms that held them. The authors found that not only were these value estimates

significantly correlated to renewal probability, but that the high-value patents were also

much more likely to be highly cited. In a later work, Harhoff et al. [85] examined this

relationship in more detail. It was found that not only were the number of backward

citations positively related to patent value, the number of non-patent citations was also

positively correlated with value in particular technology fields.

Citations as Indicators of Social Impact and Technological Quality

Throughout this work, it is assumed that citations are a noisy indicator of the qual-

ity of an invention, and this assumption is vital to the interpretation of the results of

the analyses in this thesis. The meaning and measurement of quality in the context of

patent documents is discussed in more detail in Section 6.1.1; there exist many dimen-

sions of patent quality and not all of these dimensions are reflected in citation counts.

An important relationship to first establish is the link between patent citations and the

social impact of an invention. Impact is necessarily measured in different ways for dif-

ferent types of inventions, and so the best evidence available comes from case studies

of particular technologies. The first major work in this literature is due to Trajten-

berg [86], in which the author constructed a measure of consumer surplus gains related

to particular improvements in Computed Tomography scanning technology that could

be linked to particular patents. Consumer surplus gains were measured to be associated

with improvements with larger numbers of citations. This finding was among the first

indications that citation numbers could be used as a measure of the societal influence of

an invention. In a more recent work, Moser et al. [87] directly observe a strong positive

relationship between performance (e.g. yield) of patented hybrid corn varieties and the

number of citations to those patents. It is also noted that citations that were added by

the examiner are not directly related to the performance of the corn and it is suggested

that the reason for this is that examiners are not adding citations based on the perfor-
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mance of the cited inventions, but rather to establish technological similarity. At least

in the case of hybrid corn, citations to patents based purely on their performance are

done mostly by the applicants and this observation is consistent with the notion that

citations do in fact reflect knowledge flows.

Another line of research investigates the relationship between the intrinsic nature of

particular inventions and their subsequent impact. Trajtenberg et al. [88] showed that

citation rates to patents assigned to universities were higher than those to private com-

panies’ patents. This work was done with the assumption that there was a difference

between the natures of these two groups of patents, namely that the patents assigned

to the university tended to be somehow more fundamental discoveries rather than incre-

mental improvements on existing technologies, and that patents for these fundamental

discoveries are generally more impactful than incremental patents. These assumptions

were indeed borne out, and this work became one of the first to present findings that

indicate a possible relationship between patent citations and an intrinsic property of the

patented invention (in this case, proximity to fundamental scientific research), rather

than to external social or economic indicators of impact.

Validation studies utilising expert knowledge have also been conducted. Carpen-

ter et al. [89] leveraged expert knowledge indirectly by comparing the citation rates of

patents that underlay products awarded the IR100 award, a list published in the In-

dustrial Research and Development journal designed to highlight the most “important,

unique, and useful” products of the previous year and chosen by the Editorial Advisory

Board. This board presumably constituted a good representation of a carefully selected

panel of experts. The authors found that the patents in the award group were cited

more than twice as frequently as a set of control patents, and was an important step

in the establishment of patent citation statistics as meaningful indicators of technolog-

ical impact, or at the very least perceived importance. Albert et al. [30] used a survey

of experts in silver halide technology to assess the relationship between expert opinion

and citation rates to particular Kodak patents – a strong correlation was found yet again.

2.3.4 Differences Between Academic Citations and Patent Citations

Much of the work in the field of bibliometrics has been conducted using citations to pub-

lished academic articles. Therefore, it is pertinent to briefly outline the main differences
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in citing practice and the meaning of citations in each of these areas.

First, there are very specific circumstances under which a patent must give a citation

to prior art, whereas academic citations are not bound by these kinds of regulations. Sec-

ond, there is a legal meaning inherent in a patent citation that is absent from academic

citations. These citations, therefore, have real consequences for the citing patent – they

can not only affect the value of the patent, but an improper citation can be legally prob-

lematic and may even lead to invalidation. On the other hand, academic citations have

few consequences for the citing article – perhaps with the exception of the annoyance of

an uncited contemporary. Lastly, patent examiners have a much more significant impact

on the composition of the reference list than do academic referees or editors. Examiners

have the power to add or remove citations according to their mandate, whereas instances

of academic referees or editors doing the same are rare. This examiner autonomy has

significant consequences for the meaning of patent citations when compared to academic

citations concerning their objectivity.

These differences also manifest themselves in the structure of the citation networks

that are the results of the citation process. Some of these structural differences (and

similarities) are further explored in Sections 3.3.1 & 5.6.1.

2.3.5 Examiner Effects on Patent Citation

Many citations are added by the patent examiner, and thus understanding the effects

that examiners have on the final citations that end up on the patent is vital to the un-

derstanding of their meaning. In the United States, these effects are somewhat muted

by Duty of Candor. This means there are many more inventor citations than in other

large jurisdictions such as the European Patent Office, where no such disclosure obli-

gation was in place until 2011. Additionally, the USPTO started to include data on

which party added each citation listed on the patent document from 2001, and this has

made possible the analysis of examiner effect on patent citations, with many interesting

findings emerging.

A 2002 work by Cockburn et al [90] explored a dataset which incorporated particu-

lar examiners’ examination histories and litigation probabilities of the examined patents.

Their first observation was that primary examiner characteristics are highly heteroge-

neous – there was substantial variation in their average number of citations added per
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patent and their examination speeds; these individual characteristics accounted for 7.7%

of the overall variance observed in the numbers of citations made and 8.3% of the ap-

proval time for individual patents, after controlling for technology and patent age effects.

The authors also found that the average number of citations made per patent had sig-

nificant positive effects on both the number of citations those patents received and the

probability that they would be found to be valid after a litigation event. Lemley et

al. [91] found a negative relationship between the experience of an examiner and the

number of citations made on their examined patents, while Alcacer et al. [92] found that

the fraction of examiner-added citations varied across a number of cross-sections includ-

ing technological field, applicant location, and applicant portfolio size. While examiner

citations are not examined in isolation in any analysis in this thesis, these results point

to some potentially fruitful avenues for future research (see Section 7.5).

2.4 Innovation Dynamics

Innovation economics is a rich and varied field and as such attention will now be focused

on the facets of invention that are most relevant to this work: knowledge diffusion and

technological obsolescence. These phenomena act in opposite directions as time goes on;

on the one hand, ideas spread and grow popular, on the other they become irrelevant.

We expect both of these effects to manifest themselves in the form of citation dynamics.

As an invention gains popularity and enjoys broader impact, citations to the associated

patent are expected to accelerate - this effect is what we refer to as knowledge diffusion,

and we will pay particular attention to the temporal dimension of this diffusion. At the

same time, the invention is becoming ‘old news’; at some point most inventors who can

use the idea in their own work have already done so, and in any case the technology is

being replaced by something better.

2.4.1 Knowledge Diffusion

The obvious first step to understanding the diffusion of ideas and its relationship to

patent citations is to understand the mechanisms that drive diffusion. That is, how

exactly is information transmitted between inventors? Only when we have an answer to

this question is it possible to begin answering questions about how patent citations relate

to these different mechanisms and therefore the types of knowledge diffusion captured
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by citations. While this Section will focus on the mechanisms of knowledge diffusion

and its relationship to the temporal dimension of patent citations, there are also related

spatial patterns [28] that are not empirically examined in this thesis.

As a step toward identifying specific mechanisms of knowledge diffusion, a systematic

survey of inventors was conducted by Jaffe et al. [43], wherein the authors asked about

400 inventors various questions regarding either the backward citations from their patent

or the forward citations to their patent. The citing inventors were asked about three

patents, two of which were cited by the inventor and differed only in their age, and one

‘placebo’ patent that matched the earliest cited patent by age and technology class. This

matching not only allowed comparison between cited patents of different ages to observe

recency effects, but more importantly, it allowed comparison between two very similar

patents, only one of which was actually cited by the inventor. Differences observed in

the latter comparison were therefore likely to reflect real information transmission, or

knowledge spillovers, encoded in the citations. Many promising results emerged from

this data: cited patents were significantly more likely to be remembered as a source of

ideas than the placebo, the perceived technological significance of the cited patents was

significantly correlated with accrued citations to those patents, and more recent patents

were more likely to be remembered. With the stipulation that about one-half of the

citations did not correspond to a knowledge spillover, the authors conclude that their

results were “consistent with the notion of citations as a noisy signal of the presence

of spillovers.” Additionally, the inventors noted that “word of mouth, personal inter-

action or viewing a presentation or demonstration” was a significant influence in about

a quarter of all spillovers, and information contained in “technical or patent literature”

in about one fifth. These results indicate that a significant number of spillovers, which

constitute a significant number of citations, are due directly to information transmission

between inventors.

In Roach & Cohen [93], the authors undertook a survey focused mostly on under-

standing the specific types of knowledge flow that may not be captured by patent ci-

tations. The two types of measurement error identified as affecting one’s ability to

measure knowledge flows with citations were ‘errors of omission’ and ‘errors of commis-

sion’. The former represents knowledge flows that we expect citations to reflect but are

not materialised, and the latter represents everything that citations capture that are

entirely unrelated to knowledge flows. Errors of omission identified include contract-

based linkages between academia and industry, as well as fundamental research that
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contributes heavily to a patented invention but is either not patented itself or is simply

not patentable material. Errors of commission have been implicitly discussed above and

in Section 2.3.1, and include citations resulting from firm strategy and some examiner

citations. Both this work and that of Jaffe et al. [43] suggest a degree of caution when

using citations as indicators of knowledge flow.

2.4.2 Technological Obsolescence

The growing irrelevance of ideas is perhaps more socially relevant in the case of tech-

nological innovations than it is to scientific advances due to the economic consequences

of this phenomenon. New innovations that emerge due to technological advancement

bring about creative destruction, that is, the displacement of one product by a better

one. However, this can be viewed as distinct from so-called technological obsolescence,

or knowledge obsolescence. Cabellero & Jaffe [12] distinguish technological obsolescence

from creative destruction by identifying the different mechanisms driving each of these

phenomena. Whereas creative destruction can be thought of as new products displacing

old products, technological obsolescence is the process of new knowledge displacing old

knowledge – this can be thought of as the advancement of the technological frontier

whereby old inventions, while they may still be useful, become less and less relevant to

the production of new knowledge. While the processes are related, creative destruction

is a result of technological obsolescence and not the other way around, and therefore the

latter can be seen as the more fundamental process. Patents themselves can be thought

of as encapsulations of technical knowledge and do not necessarily contribute directly to

the commercialisation of a product. It is more likely, therefore, that citations are more

reflective of knowledge obsolescence than creative destruction, as defined.

The structure of the patent citation process means that the slowdown of citations to

even highly cited patents is much more universal than for academic publications where

some seminal works achieve a kind of immortality [94]. This phenomenon is generally

not the case for patents due to an apparent transitivity that exists among the citations

of cited and citing patents. What this means in practice is that when patent B cites

patent A, most of the restrictions that are placed on A due to its citations are also placed

on B [95]. In academia, however, there is no such convention. Papers important to a

field will continue to be cited indefinitely, even if every other paper cited also makes the

same citation [94]. The removal of these redundant links (e.g. Fig. 3.4), transitive reduc-
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tion [95], reveals differences in mesoscale network structure between patent and academic

citation networks that is not visible by looking at citation rates – this is discussed in

more detail in Section 3.3.1. These kinds of effects suggest that thinking about the accu-

mulation of patent citations in terms of network growth may be a worthwhile endeavour.
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Chapter 3

Growing Directed Acyclic

Networks

Network science is generally considered to be a new field, accelerated in the late 1990’s by

new insights made possible by rapidly increasing computational power [1, 96–99]. How-

ever, the intersection of networks and scientific citations began to occur in the 1960’s

with advances in both graph theory [100] and computational techniques [101] alongside

a strong desire by some to improve the measurement of scientific output using these new

methods [102–106]. Interest in patent citation networks came much later, with a small

amount of interest coming in the late 1970’s and early 1980’s [14,107,108]. However, the

incorporation of citation networks into more mainstream economics would take longer

to occur – as late as 1990, an influential work utilising patent citation data regarded

work to date on patent citation networks to be “not quite in the realm of economics

proper” [86]. More recent works, including examples of the limited diffusion of citation

networks into “economics proper”, are examined in Section 4.1.

Citation networks of all types share special properties which, when leveraged appro-

priately, simplify the analysis of their structure and evolution. This fact, in combination

with knowledge about the institutional restrictions and mechanisms which moderate

their growth, in turn perhaps makes both the empirical analyses of particular growth

mechanisms and the interpretation of the results of these analyses more straightforward

than for other real-world networks. (See e.g. [18,23,109,110] for examples of confounding

effects and misuse of network science in other fields). This chapter will first characterise

citation accumulation as network growth and introduce the mathematical tools used to

analyse the network growth dynamics before covering several generic growth models.

33



34 CHAPTER 3. GROWING DIRECTED ACYCLIC NETWORKS

Much of the work on citation dynamics, including this thesis, does not depend on

the network framework to function; however, this framework makes the notion of knowl-

edge flows manifesting themselves in the form of citations easier to conceptualise (in the

spirit of Price [105]), and more easily allows for extension in future work where specific

network structures or characteristics are essential. The term network in this thesis is

not only used in order to be consistent with the bibliometrics literature, but also as an

accurate descriptor of the systems being studied. Whether or not the local properties

of the network are examined in particular, the accumulation of citations occurs when

new documents join the system and citations are made between the new documents

and the existing documents. In this sense, citation accumulation is network growth

by its very nature. The use of the network framework and its associated terminology,

therefore, serve additionally as useful reminders that citation accumulation occurs at a

microscopic scale despite the mostly macroscopic approach detailed here. For this rea-

son, it is necessary to first briefly review the basic terminology of network science before

characterising citation networks – in particular to identify their special properties that

allow for considerable simplifications in their analysis.

3.1 Characterisation of Citation Networks

There are many ways to characterise networks based on the nature of the links, the

nature of the nodes, and structural properties both local and global. It is therefore

important to define some of the network terminology used in this chapter, as there are

field differences in the use of many of these terms:

• Network: an ordered pair G = (V, E) consisting of a set of nodes V and a set of links

E representing relationships between pairs of nodes. In graph theory, a network is

also called a graph;

• Node: a fundamental unit in a network. In this work, the nodes are patents or

scientific articles. In graph theory, nodes are called vertices;

• Link: a relationship between two nodes. In this work, links are citations between

patents or scientific articles. In graph theory, links are called edges;

• Degree: the number of links to which a node is incident.
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Citation networks are special in that there are some restrictions on the way the

network can grow, and these lead to simplifications which make it easier to explore both

their theoretical and empirical properties. In particular, citation networks are (generally)

unipartite, directed, acyclic networks. These properties are defined as follows:

• Unipartite networks are those whose nodes are all of the same type and links are

generally possible between any two nodes in the system. Contrast these with, for

example, the bipartite inventor-patent network where links represent inventorship

and thus can only form between the nodes of different types, that is, inventors and

patents. Unipartite networks are simpler in most aspects, however ‘projections’

of a bipartite network are possible [111], which in the above example would yield

two unipartite networks, one of which would be a co-invention network. Unipartite

networks are sometimes referred to as one-mode networks;

• Directed networks have directed links, which means each link implies a one-way re-

lationship (though a pair of nodes may have multiple links between them, pointing

in any direction). In the context of citation networks, this allows the distinction be-

tween the citing document and the cited document. These types of networks split

degree into two distinct types: in-degree (links pointing to a node) and out-degree

(links pointing from a node);

• Acyclic networks do not have cycles - following directed links through an acyclic

network will never result in a node being visited more than once. In the context

of a directed network, this implies that it is not possible to draw a path through a

series of nodes (in the direction dictated by the link directions) and visit the same

node twice. This kind of network is only possible when there exists a topological

ordering [112], a linear ordering after which the links all point in the same direction.

For patents, the mechanism responsible for this ordering is time, whereby a granted

patent may only cite patents that came earlier.

The properties above describe an idealised citation network. However, under certain

conditions, the acyclic nature of citation networks may be broken. The simplest way

this can occur is by the citation, intentional or not, of an unpublished document. While

this does not occur between two patents granted in the same jurisdiction (except for

errors), it is common practice in some fields to cite a forthcoming work, usually by the

same author. This event is inevitably followed by a citation in the forthcoming work to

the original work, thereby creating a cycle between the articles. Empirically, this issue

can be solved by removing citations directed to a forthcoming article, and in any case,
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many journals disallow this type of citation.

A more complicated situation arises when one considers citations between patents

in the context of knowledge flows. It is possible to choose the particular events that

characterise the citation lag between cited and citing patents. For example, the granting

of patent A may inspire others to incorporate this work into their own research, which

they then submit to the same patent office as an application for a patent of their own,

patent B. The lag between the initial information transfer and the first indication that

an inventor has utilised this knowledge would correspond to the time between the grant

of patent A and the application of patent B. A complication arises when the knowledge

contained in the patent is transferred between inventors via some other means, and the

inventor of patent B learns of, and utilises, the information in patent A before it is

granted (via word of mouth, pre-grant application publications, or other means). Ad-

ditionally, examiners may add their own citations to patent B that don’t correspond to

any knowledge flow, and the same situation will arise. These citations will lead to the

situation where the application of patent B occurs before the grant of patent A, which

creates a citation that points forward in time for this definition of lag. In this work,

these negative-lag citations are aggregated to form an initial citation distribution.

3.2 Models of Citation Network Growth

There are some mathematically convenient aspects of citation networks that not only

make the construction of their base models much more straightforward but also simplify

augmentations to these models. This Section will cover the basic models of citation

network growth, and the master equation approach that will be utilised to derive the

macroscopic network properties from specific microscopic network growth mechanisms.

3.2.1 A Simplified Measurement Framework

The models and analytics that follow are based on a measurement framework that does

not attempt to examine the network as a whole. Due to the changeable nature of patent

law, economic environments, firm incentives, and other extrinsic and intrinsic factors

that change patenting behaviour with time, it is essential to select a cohort of patents

that were granted at about the same time to facilitate assessment of the differences in
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citation accumulation between different patents fairly. Therefore, while these patents

are embedded in a growing network, the properties of the individual patents that cite a

patent in the cohort are not taken into consideration. This distinction is important, as

much of the existing literature (and theoretical work in particular) considers the entire

network, an approach which may complicate the measurement of particular dynamic

network properties.

The results that follow are derived such that they accommodate any fixed subset of

nodes embedded in a vast, growing network. This measure is to ensure that our the-

oretical results are compatible with important practical considerations concerning the

real patenting (and citing) behaviours examined later in this thesis, while also simpli-

fying the measurement of relevant network properties. While citation networks have

directed links, we can apply all analytic results below to a fixed subset of any growing

network with equivalent growth rules – outgoing directed links (backward citations) from

the nodes in the cohort are generally not relevant to network growth dynamics, and as

such we can treat incoming links as undirected without additional considerations. To

retain some semantic generality in the current chapter, the in-degree of a document is

henceforth shortened to degree, which in later chapters is simply equal to the number of

forward citations.

3.2.2 The Master Equation Approach

The master equation is a very general mathematical tool that can characterise the evo-

lution of a system wherein each component occupies a particular state, and may move

from one state to another with a particular rate. Generally, a master equation takes

the form of a differential equation that can be solved to provide a probabilistic descrip-

tion of the configuration of the system as a function of time. This Section provides an

overview of this mathematical framework that both facilitates comparison to existing

network-science literature on network growth, and provides a means to check the ac-

curacy of the mathematical assumptions and functional forms of the citation accrual

model presented in this thesis (see Sections 4.1.3 and 4.4). A very general version of the

master equation is presented initially, which is refined (and consequently simplified) as

more citation-network-specific properties are incorporated. The resulting analytic form

of the degree distribution may then be used to calculate many global properties of the

network, including the average rates of citation accrual and the average degrees of nodes
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in the citation network, as well as allowing an easy comparison of the dynamics of these

properties across networks with different growth mechanisms.

To establish the general master equation, we first define the time-dependent tran-

sition matrix W (t), whose elements Wji(t) represent the probability of transition (per

unit time) to kj from state ki, which are elements of a set of m discrete states, denoted

K. We can now describe the time evolution of the system as the rate of change in the

probability n(ki, t) that a randomly chosen element of the system occupies state ki at

time t

dn(ki, t)

dt
=

m∑
j=1

Wij(t)n(kj , t)−Wji(t)n(ki, t) . (3.1)

Eq. (3.1) simply constitutes a gain-loss equation; the change in the probability of a

component being in state ki is the number of components transitioning to ki from other

states kj (gain) minus the number of components transitioning from ki into other states

kj (loss).

From this point, it is possible to place restrictions on this master equation that reflect

the fact that the system in question is a growing citation network and ki represents the

number of citations accrued by node i (its in-degree):

• Nodes attract links as part of a continuous-time stochastic point process;

• Nodes cannot receive multiple new links simultaneously (simultaneous citations,

where two citations occur on the same day to the same document but originate

from different documents, can be considered an artifact of finite time resolution);

• Nodes cannot have a negative number of links;

• Nodes cannot decrease their in-degree, that is, lose links.

The consequences of these restrictions are that the only transitions possible in this

system are ki−1→ ki for the gain component of the master equation and ki → ki+1 for

the loss component, where the state space K now corresponds to the natural numbers

plus zero. That is, for a given state ki, there is only one state to transition from and one

state to transition to. Therefore, W (t) can now be simplified to a rate function λ(k, t)

which corresponds to a single column in the transition matrix W (t) with ki → k. This

rate function incorporates an initial assumption that the probability that a node will
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attract a new link in the next time window is a function only of the node’s age, t, and

the current number of accrued links by this age, k(t). As there is only one state from

which it is possible to move into state k, and only one state to move to, the sum in Eq.

(3.1) reduces to

dn(k, t)

dt
= λ(k − 1, t)n(k − 1, t)− λ(k, t)n(k, t) . (3.2)

Additionally, a boundary condition is put in place to reflect the above criterion that a

node cannot have a negative number of links. We can express this condition as

dn(0, t)

dt
= −λ(0, t)n(0, t) , (3.3)

equivalent to setting λ(k, t) = 0 for k < 0. Thus, for any rate function λ(k, t) it is possible

to construct a pair of differential equations which may be solved to determine the distri-

bution over the states in K for any time t > 0 – the degree distribution n(k, t) [113,114].

Empirical evidence (as seen in Chapters 4 & 5) suggests that the rate may be de-

composed into two mutually independent functions f(k) and A(t) such that λ(k, t) =

f(k)A(t). This greatly simplifies the process of finding a general solution to Eq. (3.2).

Eq. (3.2) can be solved generally in a straightforward fashion via variation of pa-

rameters followed by induction. Solving the homogeneous equation

dn(k, t)

dt
= −λ(k, t)n(k, t) (3.4)

yields the complementary solution

nc(k, t) = n0(k)exp
[
−
∫ t

0
λ(k, t′)dt′

]
, (3.5)

where n0(k) is the proportion of nodes with degree k at t = 0. The particular solution

is then simply

np(k, t) = C(t)exp
[
−
∫ t

0
λ(k, t′)dt′

]
, (3.6)

where C(t) is an unknown function which has absorbed n0(k). The full solution is then

n(k, t) = nc(k, t) + np(k, t), which is substituted into Eq. (3.2) to obtain
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n(k, t) = n0(k)[γ(t)]f(k) + [γ(t)]f(k)

∫ t

0
λ(k − 1, t′)n(k − 1, t′)[γ(t′)]−f(k)dt′ (3.7)

with λ(k, t) = f(k)A(t)

and γ(t) = exp
[
−
∫ t

0
A(t′)dt′

]
.

The boundary condition, Eq. (3.3), requires that λ(k − 1, t) = 0 for k < 1 which leads

directly to the solution for k = 0,

n(0, t) = n0(0)[γ(t)]f(0) . (3.8)

The solutions for k > 0 are then obtained in an iterative manner, where the solution for

n(k, t) is found by substituting the solution for n(k − 1, t) into the integral in Eq. (3.7)

and solving the resultant integral. The results for k = 1 and k = 2 are therefore

n(1, t) = n0(1)[γ(t)]f(1) +

n0(0)f(0)
{ [γ(t)]f(0)

f(1)− f(0)
+

[γ(t)]f(1)

f(0)− f(1)

}
and (3.9)

n(2, t) = n0(2)[γ(t)]f(2) +

n0(1)f(1)
{ [γ(t)]f(1)

f(2)− f(1)
+

[γ(t)]f(2)

f(1)− f(2)

}
+

n0(0)f(0)f(1)
{ [γ(t)]f(0)

[f(0)− f(1)][f(0)− f(2)]
+

[γ(t)]f(1)

[f(1)− f(0)][f(1)− f(2)]
+

[γ(t)]f(2)

[f(2)− f(0)][f(2)− f(1)]

}
. (3.10)

This pattern, and the final degree distribution n(k, t), can then be succinctly summarised

as

n(k, t) = n0(k) [γ(t)]f(k) +
k−1∑
l=0

n0(l)

(
k−1∏
m=l

f(m)

)
k∑
q=l

[γ(t)]f(q)∏k
m=l
m 6=q

[f(m)− f(q)]
. (3.11)

Eq. (3.11) is exact for any separable rate function λ(k, t) = f(k)A(t) with any initial

degree distribution n0(k) for which the following conditions are true:
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• The integral γ(t) = exp[−
∫ t

0 A(t′)dt′] is finite;

• The degree-dependent component f(k) is not constant (e.g., Eq. (3.11) cannot be

applied to the random attachment example below);

• Time t is continuous;

• Degree k is discrete, integer-valued, and non-negative.

The degree distribution n(k, t) is also useful in deriving other basic properties of the

growing network as they pertain to the focal cohort. These include the average degree

of nodes in the network, K(t) =
∑

k n(k, t) k, and the average link accumulation rate,

Λ(t) =
∑

k n(k, t)λ(k, t) = dK(t)/dt.

3.2.3 Random Attachment

New publications join the citation network by citing earlier works. This process results

in a directed, acyclic network as described above. Early models of bibliometric network

growth asked the question “how do new publications distribute their citations?” [105].

After all, the number of backward citations on a patent or article is much smaller than

the total number of existing documents. The above question leads us to a class of net-

work models known as generative models, as they describe mechanistically how a network

is constructed from the ground up. By starting with a generative model, the properties

of a network can be analytically derived (such as the degree distribution n(k, t)) directly

from the particular mechanisms defined in the model (e.g., f(k) and A(t)).

The first step when faced with a problem such as this is to derive a null model that

corresponds to new nodes linking to existing nodes with complete disregard to their

properties, a purely random growth model. If the network properties are significantly

different from this random model, then the network likely grows in a not-entirely-random

way. The most well-known version of the random growth model is that of Erdős & Rényi

(1959) [115]. This model sets the number of nodes at N , then adds links between pairs

of nodes at random. The resultant degree distribution is binomial, however this distribu-

tion is very well approximated by a Poisson distribution which is independent of network

size N and has average degree K(t) as its only parameter if the network is sparse at a

given point in time – a network is sparse when K(t)� N , and is characteristic of most

real networks. The Poisson distribution is mathematically simpler to work with than

the binomial and is generally used as a reference distribution to compare the various
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properties of other networks to a truly random one.

The degree distribution n(k, t) within a fixed cohort for the random attachment

model can be calculated from Eqs. (3.2) & (3.3) by setting the rate to a constant

λ(k, t) = r such that

dn(k, t)

dt
= r n(k − 1, t)− r n(k, t) (3.12)

and

dn(0, t)

dt
= −r n(0, t) . (3.13)

Eq. (3.13) leads to the probability of a node having zero links after some elapsed time t

being the simple exponential decay

n(0, t) = n0(0)e−rt , (3.14)

which we can substitute into Eq. (3.12) with k = 1 and solve by the method of variation

of parameters to obtain

n(1, t) = n0(1) e−rt + n0(0) rt e−rt . (3.15)

This process can be iterated for k →∞ to obtain the degree distribution

n(k, t) =

k∑
l=0

n0(k − l)(rt)l e−rt

l!
, (3.16)

which for the initial distribution n0(k) = δ(k) (all nodes having k = 0 at t = 0) gives

the Poisson distribution for a given time t,

n(k, t) =
(rt)k e−rt

k!
. (3.17)

Eq. (3.17) is equivalent to the probability of a random variable n having value k after

time t in a Poisson counting process with rate r, which is consistent with the Erdős-

Rényi model [115].
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3.2.4 Preferential Attachment

Intuitively, random attachment does not appear to be a realistic model for citation

networks, as there are many publication attributes that may change the likelihood of

attracting a link from an incoming node. The first, and perhaps the strongest, effect to

be noticed and incorporated into bibliographic models is the cumulative advantage or

preferential attachment phenomenon introduced by Price [116] which significantly alters

the growth dynamics of the network (Fig. 3.1). This effect is the bibliometric analogy

of the rich-gets-richer or success-breeds-success effect observed in other fields [117,118].

In the context of a growing citation network, the preferential attachment mechanism

reflects the increased probability of a new publication citing an older one which already

has many citations. On its face, this is a perfectly reasonable thing to expect; not all

publications are made equal, and a meritocratic view of the bibliometric world would

suggest that those of high quality and high relevance to the research community should

rightly obtain more citations than lower quality works. This notion and its validity is

the subject of Chapter 6.

The model of Price [116] assumes a preferential attachment that is a linear function

of accrued citations k with an initial citation rate equal to unity, that is,

f(k) = k + 1 . (3.18)

To obtain the (time-varying) degree distribution that results from such a preferential

attachment function, Eq. (3.18) is substituted into the degree distribution expressed in

Eq. (3.11) with no ageing (A(t) = 1/τ0 = constant). It is straightforward to demonstrate

that for the initial condition n(0, 0) = 1 (all nodes start with k = 0),1

n(k, t) = e−t/τ0(1− e−t/τ0)k . (3.19)

In the standard preferential attachment model described above, all nodes have the

same underlying quality, and as a result, the nodes with the greatest number of links

are generally among the first nodes added to the system. This phenomenon is known

1All analytic results derived in this chapter pertain to a set of focal nodes, and assume that the
addition of new nodes does not affect the link accumulation rate to these focal nodes, that is, there is
no structural ageing built into these results. This choice introduces mathematical differences between
the results in this thesis and those in the early network science literature (e.g. [119]) – in particular this
formulation lacks a stationary distribution as t → ∞. Structural ageing is discussed in more depth in
Section 3.2.5.
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formally as the first-mover advantage, and this property alone makes preferential at-

tachment as a generative model inappropriate for the modelling of many real network

growth phenomena. However, it has remained popular not only due to its convenience

as a starting point for more complex models but also because the analytic predictions

made as a result of assuming this underlying generative mechanism appear to fit many

types of real-world data. This empirical agreement is in part because it is challeng-

ing, and in some cases impossible, to distinguish between the properties of a growing

network generated by a PA mechanism and those generated by a model with other

linking mechanisms [1, 120, 121]. The uncertainty surrounding microscopic mechanisms

in the growth of real networks has led to a debate around the drivers of preferential

attachment-like results and the role of luck and quality, the influence of which means

that preferential attachment may be treated as an entirely emergent phenomenon in

some real networks [19,122–124].

Preferential attachment in citations to scientific articles is, however, a plausible gen-

erative mechanism in an environment where highly cited papers gain more visibility

due to those citations (and new citations are not intensely scrutinised). That is, with

current bibliographic search tools it is possible to explicitly search for the most cited

papers in a subject area under the assumption that the papers discovered represent the

most influential and important papers. While this assumption may be valid in some

respects, there is also a case to be made that this mechanism constitutes a reversal of

the presumed causality: the highly cited papers become ‘important’ due to their cita-

tions, whereas many would like to think papers are highly cited due to their importance.

In this way, a relatively narrow quality gap between two papers published at the same

time in the same field can become a considerable citation gap that exaggerates the

quality difference. This distortion has been observed, for example, in the World Wide

Web [125]. This phenomenon in the context of patents is explored in detail in Chapter 6.
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Figure 3.1: A comparison of the first three models presented in this chapter: Random
Atttachment (solid), Price model (dashed), and Price model with ageing (dot-
dashed). Top: Degree distributions at times t/τ0 = 1, 2, 3 (left to right). Bottom:
Time evolution of the fraction of nodes with degree k = 0, 1, 5. Random attachment
produces narrow degree distributions, while the Price model leads to a very fat-tailed
distribution without the dampening effect of node ageing. The form of node ageing used
here is expressed in Eq. (3.20).

3.2.5 Node Ageing

Knowledge generally doesn’t stay relevant indefinitely; it becomes obsolete as it is im-

proved on or entirely replaced by more recent advances. As citations can be thought

of as indicators of knowledge flow [28], this phenomenon is reflected in the slowing of

the citation rate to documents as they age, and acts in opposition to the preferential

attachment effect (which unabated leads to explosive growth in accrued citations). In

network growth models, this propensity for information to become irrelevant is often

encoded as a multiplicative rate modifier [34, 35, 126]. This node ageing significantly

changes the growth dynamics displayed in generative models (Fig. 3.1), as it mutes or

entirely negates the first-mover advantage, and the extent to which this occurs depends

on the functional form of the ageing function. An example of this effect is illustrated
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in Dorogovstev et al. (2000) [35], where the authors find that the degree distribution

narrows significantly (with preferential attachment proportional to k), becoming expo-

nential under certain conditions.

Depending on the generative model (analytically) or real growth mechanism (empir-

ically), some of the observed ageing may be due to structural ageing. That is, as the

network grows, more nodes can be cited, and thus the probability of a particular node

gaining a link decreases with time. In random generative models such as preferential

attachment with ageing [35], the ageing of nodes is, therefore, the combination of struc-

tural ageing and intrinsic ageing due to an explicit ageing function. In real networks

such as the patent citation network, these two types of ageing both have a common cause

– the addition of a new node both increases the network size and contains information

that is more cutting-edge and relevant to future patents than those that came before

it. However, due to the legal meaning and strict moderation of citations in this context

(and the resultant transitivity), the hypothesis that the increasing size of the network

has an impact on the probability of accruing new citations does not seem likely. If this

proposition is accepted, therefore, then technological irrelevance and the generally tech-

nologically transitive nature of patent citations are assumed sufficient to explain any

observed ageing, with the corollary that structural ageing as defined above is assumed

to be negligible while these other mechanisms are at play.

We can explore the effect of node ageing on a growing network by choosing a specific

ageing function A(t). It is straightforward to show that for a Price [116] preferential at-

tachment mechanism f(k) = k+1 where all nodes start at k = 0, the degree distribution

is

n(k, t) = γ(t)[1− γ(t)]k (3.20)

with γ(t) = exp[−
∫ t

0 A(t′)dt′] as usual. For an ageing function that is a simple exponen-

tial decay with characteristic time τ , A(t) = e−t/τ ,

γ(t) = exp[−τ(1− e−t/τ)] . (3.21)

Fig. 3.2 displays the drastic differences in the growth dynamics caused by a change in

the characteristic node ageing time τ – the degree distribution is much steeper for small

τ , while the differences in the average citation rate and average in-degree observed when

τ is changed are much larger than proportional.
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Figure 3.2: Degree distributions and dynamics of the Price model with ageing (Eqs.
(3.20) & (3.21) respectively) for τ = τ0 (solid), 2τ0 (dashed), 3τ0 (dot-dashed).
Top-left: Degree distributions at time t = 3τ0 on a log-linear scale. Top-right: Time
evolution of the fraction of nodes with k = 5. Bottom-left: Time evolution of Λ(t), the
average link accumulation rate. Bottom-right: Time evolution of K(t), the average
in-degree of nodes.

3.2.6 Non-linear Preferential Attachment with Node Ageing

The models above are necessarily simple in order to obtain closed-form analytic expres-

sions for n(k, t) for all possible k and t. In reality, the preferential attachment function

f(k) may not be so simple and has numerous refinements that attempt to capture more

complex behaviours. In this thesis, the form used is f(k) = kα+f0. The reasons for this

particular form and its advantages over other common forms is primarily of empirical

concern, and is discussed in Section 4.5.4.

While a closed form solution for the degree distribution may not exist for α 6= 1, the

asymptotic behaviour of this non-linear preferential attachment model was explored very

soon after the original Price-Barabasi-Albert model [1] was suggested [113, 114]. While
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these models did not consider node ageing, the authors found that the shape of the

degree distribution depended critically on the exponent α in the long-time limit [113].

For α < 1, the degree distribution tends towards a stretched exponential distribution,

and for α > 1 a single node begins to dominate. In fact, for α > 2, there is a non-zero

probability that one node is connected to every other node in the network. Additionally,

in the linear case with α = 1, the initial link attraction probability (proportional to f0)

can tune the exponent on the resultant power law distribution to any value from 2 to

∞ [114]. In short, the degree distribution is very sensitive to the value of the parameters

in the generative model and care should be taken when interpreting the degree distribu-

tion of any network which exhibits a success-breeds-success mechanism. Fig. 3.3 shows

what is observed in networks grown with different preferential attachment strengths.

While the results above [113, 114] pertain to the long time limit with no ageing (which

significantly changes the growth dynamics [127]), Fig. 3.3 shows that even for short

times there are significant differences in network growth dynamics for different values of

α.

3.3 Structural Concerns and Alternative Models

It is possible to model many of the features of citation networks with the simple combi-

nation of preferential attachment and ageing, as empirically explored in Chapters 4 and

5. However, as a generative model, preferential attachment also results in features that

are not seen in real citation networks and can disguise essential differences in network

structure between different types of citation networks (e.g. patents, scientific articles,

or case law) [95]. Additionally, there are more plausible (but much more analytically

complex) generative mechanisms that are not explicitly covered in the remaining chap-

ters of this thesis (e.g. [123, 128–131]). Structural properties uncovered by transitive

reduction, as well as an alternative generative model, are explored here as examples of

the limitations of the analytic framework described above.

3.3.1 Transitive Reduction

In Section 5.6.1, some significant differences in the meaning of citations to scientific and

patent documents are outlined. Naturally, these differences in citation practice lead to

differences in network structure. One of the more striking examples of this difference is
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Figure 3.3: Degree distributions and dynamics of the non-linear preferential attachment
model f(k) with ageing (τ = 2τ0) for α =0.7 (solid), 1 (dashed), 1.3 (dot-dashed).
Top-left: Degree distributions at time t = 3τ0 on a log-linear scale. Note that changing
α only changes the dynamics for nodes with k > 1. Top-right: Time evolution of the
fraction of nodes with k = 5. Bottom-left: Time evolution of Λ(t), the average link
accumulation rate. Bottom-right: Time evolution of K(t), the average number of links
per node.

discovered upon a transitive reduction of the networks [95,132].

Transitive reduction (TR) is a process that iteratively removes links in a directed

acyclic network such that a path between every pair of nodes that one could travel be-

tween in the original directed network still exists. The process continues to remove links

until there is only one way to travel between each of these pairs. Fig. 3.4 shows an exam-

ple of the result of this process. If patent citations did indeed implicitly carry over from

cited to citing patent, then TR would not remove any links at all. In reality, TR removes

about 15% of links. However, when TR is applied to the article citation network, about

80% of links are removed. This disparity can in part be explained by the convention to

cite the influential papers in a field as an acknowledgement to those who paved the way
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(a) (b)

Figure 3.4: An directed acyclic network (a) before and (b) after transitive reduction.

for the citing paper, where it does not matter that many of the other citations made in

the citing paper also cite these same influential papers. Indeed, preferential attachment

combined with the triangle-forming behaviour of scientific citations calls into question

the real influence of highly-cited papers. This result also suggests that the two citation

networks have very different local growth mechanisms.

3.3.2 Copying Models

A common criticism of preferential attachment as a generative model is that it requires,

in its pure form, knowledge of the degrees of every node in the network to calculate the

probability of linking to a particular node. Variants of a copying model can reproduce

preferential attachment-like global network properties with only local knowledge. This

popular model was first introduced in Kleinberg et al. (1999) [133] to replicate some of

the network features observed in the World Wide Web, and has been mathematically

formalised and modified by many authors since [20,122,134–138].

The generative algorithm for this type of network growth is generally some variation

of the following: an incoming node randomly selects an existing target node, then forms

a link with this target node and, with some probability, its neighbours. This process is

random and can, therefore, produce a wide range of directed acyclic graphs. The degree

distributions that result from this kind of growth are often power laws (e.g. [122,129]),
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as this one of the features the inventors of these models are often attempting to repro-

duce to be consistent with empirical observations.

A feature that is often exhibited in scientific citation networks, but is not well mod-

elled with a preferential attachment generative mechanism [139], is the large number of

triangles [140]. One of the primary features of the copying mechanism is that it forms

lots of triangles (by construction) – which can be used to measure the level of clustering

in a network [96,141]. These triangles are dismantled under transitive reduction, and so

the differences in the results of transitive reduction between patent and paper citation

networks is a direct reflection of the clustering [142] present in each of these networks.

This fact suggests that while a copying model may be suitable as a generative model for

scientific citation networks, it is likely a poor representation of network growth in patent

citation networks.

3.4 A Useful Illusion

Throughout this chapter, we have focused on obtaining a dynamic degree distribution

from microscopic attachment rules. While the degree distribution and the other global

quantities derived from it are important, the results above clearly demonstrate that many

local quantities may contain more relevant information about how a network grows.

From an empirical standpoint, however, preferential attachment remains the most

parsimonious model to test and compare the growth of different networks. The fact

that the real network growth mechanisms may be very different to preferential attach-

ment does not diminish its usefulness in this context. These real growth mechanisms are

myriad and complex – what is important is that they all appear to sum to a success-

breeds-success effect.

This thesis asks readers to think of preferential attachment as a proxy for the ag-

gregate effect of all the real mechanisms that add up to the success-breeds-success phe-

nomena observed in citation networks, and not as a generative model describing real

citation behaviour. It is true that preferential attachment has many shortcomings, but

these are more than balanced by the simplicity and parsimony of this model. Chapters 4

and 5 demonstrate that preferential attachment adequately captures the success-breeds-

success phenomena observed in two different citation networks and that the strength of
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this effect is generally unaffected by the passage of time. Chapter 6 takes a step towards

answering the question “how does a patent become successful in the first place?”. This

question goes beyond asking for a generative model that attempts to capture specific

features of the network. After all, we do not cite randomly; we cite research that is

important, useful, or merely similar to the research we are doing. Perhaps we go out of

our way to cite our friends or, more likely, ourselves. If we are applying for a patent, we

may not want to cite anyone if we can get away with it. Citation behaviour is complex

and context-dependent; it is tied up in unwritten rules, search behaviours, social net-

works, economic incentives, and laws. What is known is that, somehow, certain ideas

and inventions end up with more influence than others. The remainder of this thesis is

dedicated to adding to the current understanding about how and why this happens –

first by characterising the growth of this influence.



Chapter 4

The Dynamics of Patent Citations

4.1 Patent Citation Dynamics

4.1.1 Perspectives from Economics

In the economics literature, the analysis of patent citation dynamics has mostly been

based on the framework laid out in Caballero & Jaffe [12], and twice extended by Jaffe &

Trajtenberg [75, 77]. The underlying assumptions behind this model are that there are

two competing (and generally non-interacting) effects that govern the dynamics of the

probability of a citation between two patents: technological obsolescence and the diffu-

sion of knowledge. The former accounts for the tendency of inventions to be supplanted

or become irrelevant and the latter reflects the propensity for ideas to spread, with more

and more inventors building on or around a technology as the idea becomes more well

known. These effects are usually modelled as an exponential decay and an exponential

saturation function respectively (as in Eq. (4.1)), together these are commonly referred

to as a ‘double exponential’ in the economics literature.

This model is most explicitly specified in Jaffe & Trajtenberg (1999) [75], which

assumes the probability p(k,K) of patent K, granted in year T , citing a particular older

patent k, granted in year t, is

p(k,K) = [1 + γD(k,K)]α(k,K) exp−β1(k,K)(T−t) [1− exp−β2(T−t)] . (4.1)

Eq. (4.1) takes into account the technological distance between the patents and its im-

portance (D(k,K) and γ respectively), the rate of technological obsolescence (β1, with

53



54 CHAPTER 4. THE DYNAMICS OF PATENT CITATIONS

potential dependencies on patent attributes), and the rate of diffusion (β2). The function

α(k,K) captures any other patent attributes that may affect the probability of citation

between K and k, including the location of their assignee, grant years, and technological

categories. In Jaffe & Trajtenberg (1999) [75], these last two attributes act as controls

for variable grant and citation rates at different times and across different technologies,

while the first is a variable of interest as it provides information about the magnitude of

the international knowledge flows after which the paper is named.

This general model gained much traction in the economics literature due to its ap-

plicability and flexibility in form, and has mostly been applied to problems mirroring

its original context - studying technological knowledge spillovers (i.e. diffusion) across

geographical or institutional borders using patent data [143–150] (however it is not un-

heard of to apply the model to other knowledge-diffusion-related phenomena [151]).

Other approaches taken to understand patent citation dynamics include hazard es-

timation [152] and diffusion of innovation-inspired models1 such as the Bass model [47,

153–155]. While these models have produced useful results and are able to model par-

ticular aspects of technological diffusion [154, 155] as well as abstract properties of the

inventions that are being diffused [152], they are relatively narrow in their applicability

and therefore lack the flexibility of the Cabellero & Jaffe [12] model.

The words flow and diffusion in physics generally imply some dynamic process re-

flecting movement or exchange of some unit of interest. However, except for the models

listed above, the dynamic aspect is often ignored in research studying the ‘diffusion of

knowledge’. Diffusion of knowledge can, for example, refer to the mechanisms by which

knowledge is transferred [156], wherein dynamics is either difficult to measure or merely

irrelevant. In light of this difference in language use, it is important to note that most

work in the field of knowledge flow, diffusion, or transfer is, while informative, generally

unrelated to the research detailed in this thesis.

In summary, there are surprisingly few empirically-tested models of knowledge dif-

fusion and technological obsolescence in the economics literature. The network-growth

framework appears to be a more all-encompassing mathematical framework and can

1In the context of diffusion of innovation, innovations generally refer to the implementation of
inventions or ideas. Inventions are not always commercialised, or even utilised.
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facilitate research not only on growth dynamics [157], but other important aspects of

the invention ecosystem such as local structure of technological or industrial networks

(e.g. clustering) [158, 159], patent heterogeneity (Chapter 6), collaboration between in-

ventors and between firms [160], etc. These properties are generally considered to be

related to each other, and the network-based framework makes it possible to start to

understand the interactions between the many different facets of invention as different

interconnected layers of a larger system (e.g. [161,162]).

4.1.2 Applications of Network Science

The network-growth framework in the context of knowledge flows and citation dynamics

has historically been applied to scientific citation networks, for the reasons discussed in

Section 5.1. While many of the modelling techniques used in that field are appropriate

for the analysis of patent networks, both the method of application of these techniques

and the interpretation of any results must be tailored to the context of patents in order

to obtain useful information from them. It is the lack of this consideration that most

often obfuscates research in this new field, although this has also been framed as a dif-

ference in scientific objectives between the economists and network scientists studying

knowledge diffusion [25].

As an example of these differences in scientific objectives, we will examine the def-

inition of the citation lag. This concept is discussed in more depth in Section 4.3.1,

however, the citation lag provides a useful illustration of the different approaches used

by economists and network scientists in the context of citation dynamics.

A citation is generally regarded as a good proxy for knowledge flow [66]. However,

the timing of the citation is dependent on a number of factors and requires a choice of

definition. There are a few definitions to choose from, which are either time-based (based

on the application or grant dates) or sequence-based (based on the order of applications

or grants). The time-based lags are simply measured as the amount of calendar time that

passes between the application/grant dates of the cited and citing patents. Generally,

these definitions are one of two:

• The time between the grant dates of the cited and citing patent; or

• The time between the grant date of the cited patent and the application date of

the citing patent.
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While both of these definitions are found in the economics literature [163], the first incor-

porates the period between the application and grant of the citing patent - an additional

source of (mostly) random noise with regard to knowledge diffusion [164]. Complemen-

tary to this fact, the second definition more accurately reflects the time from an inventor

learning about a new invention to the time that this information is acted on and a re-

lated invention is completed. For this reason, the second definition is generally preferred

when attempting to model knowledge diffusion [163].

In the network literature, however, there is a long tradition of growing a network

one node at a time, with time parametrised by the number of nodes added to the

network thus far. Because each patent is given a unique number in a monotonically

increasing sequence, patent numbers offer a convenient way to implement models of this

type [37, 165, 166]. While useful for comparing the patent citation network to other

growing networks, time loses most of its meaning and makes it difficult to compare or

integrate this research with the economics work discussed above. So, while network

approaches are good at teaching us about network topology and growth, any discussion

about knowledge flow will be very limited without a more contextualised approach. This

reflects the differences in scientific objectives mentioned above.

In addition to the modelling of the patent citation network directly, there may be

more direct and informative network-based ways of measuring knowledge flow. In partic-

ular, aspects of technological diffusion can be modelled as a social phenomenon, and can,

therefore, be studied as information spreading through a social network. This line of re-

search is undoubtedly a fertile one, and it is being catalysed by increasing amounts

of data becoming available on the structure of inventor-collaboration networks [42].

Some influential studies on smaller or more aggregated networks have been done in

this field [167,168], and attempts to model and measure large-scale knowledge spreading

phenomena on these collaboration networks are sure to follow. For example, one recent

work [169] finds that the community structures in co-invention networks affect the tim-

ing of citations to new patents granted to inventors within these communities. That

work illustrates the need for the application of more advanced network analysis tools

than simple social distance approaches [167,168] to understand information diffusion in

the co-invention network.
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4.1.3 The Separability Assumption

Previous research on the dynamics in both patent and scientific citation networks often

seems to assume, for mathematical convenience, a rather profound fact: the mechanisms

responsible for the diffusion of knowledge and the mechanisms responsible for the obso-

lescence of knowledge are entirely independent of one another.

The existence and strength of the preferential attachment mechanism is something

we often want to measure, as the network growth dynamics is highly sensitive to non-

linearities in this phenomenon (as shown in Section 3.2.6). We also know that knowledge

obsolescence takes place; most ideas or inventions do not stay relevant forever, and they

are generally most relevant when they are first proposed. The network growth dynamics

is also very sensitive to the functional form of this node ageing, and to the speed of this

ageing (see Section 3.2.5).

In particular, previous empirical measurements of citation dynamics assume that

the success-breeds-success mechanism f(k) isn’t dependent on time, and that knowledge

obsolescence A(t) isn’t dependent on the success of the idea [36–38, 94, 126, 170–173].

This scenario is often assumed in theoretical models as well [35, 39, 137, 174, 175], often

without acknowledgement that this implied separability of the network growth dynamics

is an assumption that may be a significant finding if found to be true in specific real-

world networks. The probability Π(k, t) of receiving a citation, in its most basic form,

would be

Π(k, t) ∝ f(k)A(t) . (4.2)

The formulation in Eq. (4.2) makes measuring both preferential attachment and

node ageing much easier but ignores the possibility of, for example, a popular patent

(or paper) ageing more slowly due to this popularity. When the parameters governing

network growth and node ageing are measured, it is often observed that the param-

eters governing the preferential attachment mechanism can change significantly with

time [38, 165]. This variability is a problem for these growth models, and this chapter

attempts to uncover the extent of this problem after properly considering the context in

which these citations are made. In particular, we focus on the evidence for the stability

of parameters for groups of patents published at roughly the same time in the same

technology area – citation network research generally assumes stable growth parameters

for all cohorts at all times (when they are not case studies). Based on the results detailed
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in this chapter (see Section 4.5), for example, it would appear unlikely that the rate of

knowledge obsolescence is the same for inventions related to mechanical engineering in

the 1960s than for semiconductors in the 1990s. This observation means aggregating

data from disparate technology categories is likely to bury many exciting results.

There are many nice properties of a separable rate function that could be taken ad-

vantage of if found to be a valid assumption. If Eq. (4.2) were approximately true, it is

possible to find an analytic expression for the citation distribution and related quantities

such as the total citation rate or the average number of citations for a particular cohort

(as demonstrated in Section 3.2.2). Additionally, this separation would mean that the

mechanisms responsible for growth and obsolescence could be treated as independent

mechanisms - an empirically and conceptually useful feature.

Lastly, a separable rate function would also constitute a useful model for comparing

different cohorts in terms of their node ageing or network growth characteristics; these

dynamics could differ by technology category, time of grant, or any other patent at-

tribute. It would, therefore, be a productive line of enquiry to check whether Eq. (4.2)

held true when the patent citation network was analysed in its proper context.

4.2 Patent Citation Data

4.2.1 Data Sources

All data used in this chapter are downloaded from the United States Patent and Trade-

mark Office (USPTO)2 and consists exclusively of USPTO-granted patents and their

metadata (including citations). The patent classification system used in this thesis is

the Cooperative Patent Classification (CPC),3 a system designed as a harmonisation of

the classification schemes in use by the USPTO and the European Patent Office (EPO).

As of 2015, both patent offices have been using the CPC exclusively, and as such, the

decision to use the CPC scheme ensures the work detailed in this thesis is consistent

2All bibliographic data available to download directly from the USPTO website at https://

bulkdata.uspto.gov/data/patent/ptmtdvd/.

3CPC data for both USPTO patent grants and patent applications can be found at https:

//bulkdata.uspto.gov/data/patent/classification/cpc/. Patents are retrospectively matched via
their existing concurrences with the European Classification System, on which CPC is largely based.

https://bulkdata.uspto.gov/data/patent/ptmtdvd/
https://bulkdata.uspto.gov/data/patent/ptmtdvd/
https://bulkdata.uspto.gov/data/patent/classification/cpc/
https://bulkdata.uspto.gov/data/patent/classification/cpc/
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with any future research in this area. The CPC scheme is updated at bimonthly inter-

vals in order reflect the ever-evolving nature of technological development – the CPC

scheme adopted for this thesis was the version published in November 2016. The fact

that this scheme is now out of date is not expected to impact the results of any analysis

conducted in this thesis, due to the historical nature of the patents considered here as

well as the technological aggregation level of the cohorts considered. The technology

categories used in this thesis are listed in Table 4.3.

4.2.2 Technology Classification

Different industries may have different rates of development, different knowledge man-

agement strategies, or even different knowledge diffusion mechanisms. There is a myriad

of reasons why some technologies have higher rates of patenting and different citation

practices that manifest themselves in the data. For example, it would be reasonable to

expect different network growth dynamics for patents classified as “Human Necessities”

when compared to those classified as related to “Electricity”, simply due to the different

technological life cycles and speed of development in these industries [77, 163, 176]. It

is therefore essential to split up patents by technology category to control for the ways

these differences might affect the way in which the citation network grows.

At the same time, however, it is not obvious that the parameters that characterise

preferential attachment or knowledge obsolescence should be significantly different be-

tween these technologies. In particular, different industries may have different (or in-

comparable) minimum inventive step heights required for a patent, and this would affect

the speed of obsolescence measured using patent data. For some technologies, this may

work in the opposite direction to obsolescence, where a large inventive step counters a

fast obsolescence time. Thus, even the observed node ageing may be the convolution of

many node heterogeneity-driven effects, presenting a good case for further investigation

of a more fine-grained approach to studying the citation network dynamics than previ-

ously undertaken.

There is generally not an obvious choice for the system of technology classification

that is most appropriate for a given application. In this thesis, the system common to the

USPTO and the EPO is used (CPC), as this system is empirically unambiguous, easily

accessible, and likely to be the most common classification system used in future work
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in this field.4 Table 4.3 describes all top-level technology categories in the CPC scheme,

as well as the largest sub-categories within each category.5 However, there exist other,

more data-driven approaches that may be better for specific purposes that require fine-

grained classification or patent matching (and are therefore not suitable for the analyses

conducted in this thesis); these include approaches based on semantic similarity [177] or

network-based methodologies [178–180].

4.2.3 Cohort Selection

To control for grant time, a cohort of patents published at about the same time must

be chosen; this means choosing a span of time whereby any patents granted during

this period are in the cohort. A number of considerations need to be balanced while

making this decision given the following, often conflicting, requirements for the adequate

measurement of network growth, including:

1. A sufficient number of patents in the cohort;

2. Enough time to conduct a robust analysis of the citation network evolution; and

3. Relative homogeneity across the cohort concerning new legislation or procedures

affecting patenting behaviour.

The first requirement asks for a large cohort, and due to the ‘patent explosion,’ [72]

this suggests choosing as late a cohort as possible with many years of patent grants

included. The second requirement asks for many years during which citations can ac-

crue and the network growth dynamics measured, that is, as early a cohort as possible.

The last requirement asks that our cohort not overlap with points in time when patent-

ing behaviour changes, such as the implementation of new procedures that change the

4Note that throughout this thesis the term technology category is used to describe the different
categorisations of technology in the CPC classification system. In the CPC itself, however, these top-
level categories are officially termed Sections. As this word is not typically associated with the description
of different technology types, category will continue to be used in order to both avoid confusion and ensure
consistency with the economics literature.

5In this work, patents classified as belonging to multiple classes are treated as belonging to each
of these classes independently. The rationale for this decision concerns the comparison of results for
different classes: if two classes share many patents, then these classes likely have similar technological
properties and, therefore, similar citation dynamics.
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mechanisms of knowledge transfer [181, 182], or laws that change the patent output of

particular sectors [183,184]. Additionally, there are secular changes in patenting strategy

that occur gradually over time that do not have a singular cause [71]. Restricting the

size of the cohort by narrowing the time period used to define it will mitigate this effect.

The arguments above all suggest the necessity to restrict the number of years used to

define the cohort. We will now examine the practical considerations that must be made

in parallel to these empirical requirements.

While our patent grant data is available until the end of 2014, there is a grant lag.

Because the citation lag in this thesis depends on the application date of the patent (see

Section 4.3.1), the time between application and grant affects the number of citations

observed. This interval is called the grant lag and means that complete data is not

available for the whole period of observation. For example, while many patents were

applied for during 2014, we do not know which ones have been granted. Therefore, our

citation counts for 2014, as measured by the application dates, are incomplete. While

the citation inflation calculation (see Section 4.3.2) will correct for most of this effect, if

subcategories are heterogeneous with regard to both their grant lag and network growth

dynamics, then any measurements taken during these incomplete periods will be biased.

The average grant time being between two and three years (see Fig. 4.1), we will consider

the data suitable for our purposes if we disregard the final three years of the data avail-

able – we therefore include in our dataset the citations to our cohort until the end of 2011.

We consider a minimum of ten years of citation accrual sufficient to measure the

growth dynamics, which means the cohort must not extend beyond the end of 2001.

This is convenient, as this is also the time at which the USPTO started publishing

patent applications that were more than 18 months old (irrespective of the application

status), which would add a new avenue for knowledge transfer that may increase the

initial citation rate of patents granted after this time and may distort results.

The mid-1980’s saw the start of an explosion in the rate of patenting (see Fig. 4.1),

reflecting a substantial change in firm’s strategies in response to new legislation and

USPTO procedures [71]. This variation suggests a restriction of the number of years

included in our cohort in order to mitigate any unwanted effects this turbulent environ-

ment may have. Three years is manually chosen as an appropriate cohort size to both

control for this effect while maintaining a large sample of patents.
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Figure 4.1: Total patent grants (bars) and average grant lags (line) for patents granted
from 1967-2011. The cohort of patents selected for this thesis is highlighted in green.

This rise in the rate of patenting also means there is much more data contained in

the same-width time window at the end of the 1990s than at the beginning. With all

of the above factors considered, the three year period 1999-2001 (inclusive) was chosen

as the cohort of patents representing the best balance of sample size, time for citation

accrual, and grant-time homogeneity concerning changing external pressures. Summary

statistics for this cohort can be found in Table 4.1.

4.3 Data Preparation

4.3.1 The Citation Lag

In line with previous work in economics on patent citation dynamics [163,185], the time

between the grant of the cited patent and the application of the citing patent was chosen

as the definition of the citation lag. The primary reason for this choice is that, if knowl-

edge flow is what is being represented by patent citations, what we would like is the

date of invention of the citing patent. As this date is not generally public information,

the application date is used as a proxy, being the closest date available to the time of

invention [185].

Sometimes the date of application of the citing patent is before the cited patent is
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granted, leading to a negative citation lag. This is possible through both examiner cita-

tions added during the examination process and through self-citations, as the applicant

must provide information on pending patent applications as part of their duty of candor.

In this thesis, these negative-lag citations are aggregated to form the initial distribution

n0(k) and are not considered to be indicative of knowledge diffusion between inventors.

4.3.2 Citation Inflation

Patenting rates change over time in response to changing political and economic envi-

ronments unrelated to the intrinsic characteristics of the patents granted. With variable

numbers of patents being granted comes variable probabilities of receiving a citation

from a patent granted in any given year. It is therefore important to correct for this,

as the measured growth dynamics (and technological obsolescence in particular) will be

affected by changing rates of patent grants. While the rate of progress may be variable,

this variability is not related to the properties of the patents in the selected cohort. In

order to compare patents assigned to different technology categories or granted in differ-

ent time periods it is necessary to correct for any changes in patenting behaviour that

occur after the grant of the cohort. In this thesis, a version of the fixed effects approach

suggested in Hall et al. [185] is followed; this is quickly becoming standard practice in

longitudinal bibliometric analysis [186]. With additional statistical assumptions about

the citation lag, it is possible to take a quasi-structural approach [185] by fitting a full

model to the citation lags (such as that of Caballero & Jaffe [12]). Controlling for citing

year, cited year, and technology field, deflaters can be extracted and applied to and from

any patent from any technology field. However, as the citation lag structure is precisely

what we are modelling, this is unsuitable for use here.

As we will be correcting for citation inflation and not patenting inflation, there exist

two different phenomena occurring simultaneously that each need to be considered in

isolation: the changing number of patents being issued, and the changing number of

citations being made on each patent. Generally, both of these quantities are increasing

with time. With these considerations in mind, it is important to reiterate that citation

inflation should correct for any external driving forces that change patenting behaviour

over time - thus changing the relative value of a citation.

We would ideally like to control for extrinsic effects (such as the changeable rate of
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Figure 4.2: Patent applications filed by Intel Corporation over a three-year period start-
ing in 1999. A clear quarterly surge in patent applications can be observed. By ag-
gregating citations in three-month blocks, most unwanted artefacts due to these types
of cyclical patenting behaviours are mitigated. Note that this is a particularly extreme
case of periodicity.

patenting), but not the intrinsic properties of the system (such as the number of citable

patents). As proxies, we treat increasing numbers of patent grants as extrinsic and in-

creasing numbers of citations per patent as intrinsic. Citation inflation is then simply

a matter of choosing a benchmark time period [T0, T0 + ∆T ] and then adjusting the

value of a citation from any other time period [T, T + ∆T ] to reflect the difference in

the number of patents issued in this period when compared to the benchmark period.

For reasons discussed in Section 4.2.3, the work presented in both this chapter and in

Chapter 6 uses T0 = 1 January 1999, while the analyses in Chapter 5 uses the same T0

for related reasons.

This process requires a choice of time resolution ∆T for the required corrections ac-

counting for citation inflation. As there is no shortage of data, even a small time window

would be sufficient for this task. However, in order to avoid any unforeseen empirical

problems related to periodic reporting periods (see Fig. 4.2), and to smooth much of

the noise in the patenting rate, this window is chosen to be ∆T = 3 months.

The value of a citation may also depend on the technology field from which it is

coming. Citation counts from specific technology categories are more volatile (or grow-
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ing/dying faster) than others, so it is important to control for citation inflation for each

technology category independently. If a citing patent i is assigned multiple technology

categories (defining the set Ji), then the value of a citation from that patent is the

weighted average value of a citation from each of those categories. This choice is due to

the ambiguity of the ordering of technology categories listed on a patent, and also en-

sures flexibility with regard to both the classification scheme and the chosen level of the

scheme’s hierarchy. In this thesis, we use the top-level CPC categories to discriminate

between technology types (categories listed in Table 4.3).

Mathematically, the value of a citation from patent i applied for in the period [Ti, Ti+

∆T ] is then

ci(Ti;T0,∆T ) =
1

|Ji|
∑
j∈Ji

Nj(T0,∆T )

Nj(Ti,∆T )
, (4.3)

where Ji is the set of technology categories to which patent i has been assigned, Nj(Ti,∆T )

is the number of patents applied for in the time interval [Ti, Ti+ ∆T ] that were assigned

to the technology category j ∈ Ji, Nj(T0,∆T ) is the number of patents applied for in

the time interval [T0, T0 + ∆T ] that were assigned to the same category j ∈ Ji, and |Ji|
is the cardinality of the set Ji. From this point on, any measurement of citations to

a patent refers to these inflation-corrected citation values as shown by category in Fig.

4.3. Statistics for the inflation-adjusted citations to the 1999-2001 cohort can be found

in Table 4.1. Patents which are classified into multiple categories are treated a belonging

to each category equally. For example, if a patent is classified into seven subcategories,

five under category A and two under category B, the patent belongs equally to each

of categories A and B. The reasoning for this is due to uncertainty in the breadth of

subcategories; categories may differ in their level of technological discrimination at the

subcategory level. Returning to the previous example, it would be difficult to judge

whether the patent was more likely to resemble other patents in A (rather than B) if

this category simply had many more subcategories to which it could be assigned, or

less distinct boundaries between these subcategories. For this reason, there is no such

weighting in the citation value calculation.

Another approach to control for varying numbers of new nodes joining the network

over time is implemented in the context of citations to scientific articles in Wang et

al. (2013) [187], where the authors approximate the functional form of the increase in

published articles as an exponential rise. This method turns out to be mathematically
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Figure 4.3: The value of patent citations, c(T ;T0,∆T ), for different technology cate-
gories over the course of the ten-year period during which citation accrual is observed,
calculated as described in Eq. (4.3) for each single-category case. Citation values for
individual patents are calculated as the average of the values for all categories to which
each patent is assigned.

convenient as the parameter characterising the rise can be absorbed into another param-

eter in the model. However, while this may be an appropriate (if strong) approximation

to the real rise in scientific publications over an extended period of time for highly ag-

gregated cohorts, no such simple form is able to model the changing numbers of patent

grants to technology specific cohorts for the time period examined here; the method-

ology described above and used throughout this thesis is intentionally much more flexible.

4.3.3 Binning

In order to test the assumption of separability of the rate function λ(k, t) = f(k)A(t)

empirically, we must split the data into bins that cover all possible combinations of de-

grees and times.

After citations have been inflation-adjusted according to the procedure described in

Section 4.3.2, all citations to patents in the cohort are assigned a time t corresponding to

the citation lag between cited and citing patents. Two time series are then constructed:

the number of citations patent i has accrued by time t, denoted by ki(t), and the number

of citations patent i gains in the next period (t, t+ ∆t], denoted as ∆ki(t).
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Category Total Patents Total Citations Mean Citations Median Citations

A 88 721 1 636 104 18.4 7.2

B 103 488 1 050 223 10.1 5.5

C 79 028 787 118 10.0 4.3

D 8 184 70 269 8.6 4.0

E 16 738 189 929 11.3 6.5

F 47 304 388 891 8.2 5.0

G 131 603 2 294 008 17.4 7.7

H 124 582 1 972 189 15.8 7.5

Y 99 170 1 350 949 13.6 6.3

Table 4.1: Summary statistics for the cohort of patents granted by the USPTO from
1999-2001 and the citations to this cohort (inflation-adjusted as per Eq. (4.3)) with an
application date of 2011 or earlier.

Our further analysis will be based on the assumption that the rate λ(t) at which

individual patents gain citations is a function of both k and t,

λ(t) = λ̄(k(t), t) . (4.4)

As an empirical measure for λ̄(k, t), we use the average citation rate for the group of

patents with k citations in the interval (t, t + ∆t], that is, λ̄(k(t), t) ≈ ∆ki(t+ ∆t)/∆t.

In this manner, we obtain an array of citation rates for each technology category with

every entry corresponding to the average rate of citation to the group of patents assigned

to that technology category and having k citations at time t. We therefore place each

patent in a particular bin based on its accrued citations, ki, at the end of each time

period. As described above, the binning in the time dimension is simply a linear scale

where each bin has the width ∆t. For the same reasons as the choice of citation-inflation

resolution, ∆t is set to three months. Note that this does not correspond directly to the

three-month blocks for which the citation-inflation adjustment is made, as t depends on

the month of the cited patent’s grant.

In the k dimension, partial logarithmic binning is used [188]. This means each k-bin

has the same width on a logarithmic scale for values of k larger than some minimum,

which is appropriate for the observed functional form for the k dependence of λ̄(k, t) (see

Section 4.5). The minimum is necessary due to the discrete nature of citations (even after

inflation correction); in this thesis, the minimum is set to k = 5, after which any effects
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due to discretisation become unnoticeable. The size of the logarithmic bins depends on

the amount of data available – if there are N patents in a cohort then the bin size is

proportional to ln(1 + 100000/N), reflecting the fact that most categories have approx-

imately 100 000 patents in the cohort, with significantly larger bins only necessary for

categories that are much smaller than 100 000 patents. This scaling was chosen manually

with the goal of having a sufficient number of bins to model the rate function accurately

(as described in Section 4.4) while ensuring each bin generally contains enough patents

to minimise the effect of outliers. Other methods to bin data include cumulative density

or quantile approaches, however these are not used here due to the discrete nature of

citation data. At early times, in particular, many patents have no citations at all and

this may restrict the information accessible via a quantile approach. This problem can

be easily rectified in the logarithmic approach described above by weighting bins by the

number of patents in each bin for any regressions conducted.

4.4 Modelling Strategy

4.4.1 Observation of Preferential Attachment and Ageing Phenomena

In order to observe the functional forms of preferential attachment and ageing, f(k) and

A(t) respectively, we can fix one variable while measuring the effect the other has on

the rate λ̄(k(t), t) = f(k)A(t). The k and t dependencies of the citation rate are then

observed to be power-law and exponential respectively (alternate forms are examined in

Section 4.5.4), such that

A(t) = A0 exp

(
− t
τ

)
for t ≥ t0 ≈ τ/2 , (4.5a)

f(k) = kα + f0 , (4.5b)

where τ is a decay constant, α an exponent representing preferential-attachment strength,

and f0 is a constant contribution that allows for a non-zero citation rate for patents with

zero citations (the additive nature of this parameter means its importance to growth dy-

namics quickly diminishes as k increases).

By fitting Eqs. (4.5a) & (4.5b) for different values of the held-constant variable, we

can measure the consistency of the values of the parameters τ , α, and f0 across this
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variable. For example, by measuring A(t) for various fixed values of k, we can check

whether the fitting parameter τ changes with k, or in other words, whether the rate of

knowledge obsolescence depends on the number of accrued citations. Then we repeat

this procedure with f(k) by fixing t and measuring α and f0. If none of these parameters

are shown to vary systematically, then the separability Ansatz is valid.

4.4.2 Model Fitting

To fit the above functional forms to the observed citation rates and obtain estimates

of the network growth parameters, a weighted non-linear logarithmic regression is used.

This regression takes the logarithm of the observed rates (to reduce the effect of out-

liers on the fitting parameters) before conducting a non-linear least-squares regression

to the transformed data. In the case of the exponential obsolescence function A(t), this

is equivalent to a linear regression with gradient −1/τ and intercept ln(A0).

Each observation in these fits represents the average rate for a set of patents which

are in the same k-bin at the same time t. As such, the bins with larger numbers of

patents should be given a larger weight in the regression. However, because the data is

extremely bottom-heavy (there are many patents with small k), and the preferential at-

tachment strength parameter α is best determined by a broad range of degrees, weighting

the regression with the raw number of patents represented by each observation is not ap-

propriate. For this reason, observations are weighted by the logarithm of the number of

patents in each observation, which results in a very good fit across the whole range of k-

bins. The same methodology is applied to the A(t) fits with similarly satisfactory results.

Before fitting, the data is trimmed to exclude those patents that accrue a number of

citations higher than the 99th percentile after ten years. For example, if after ten years

the 99th percentile in accrued citations is measured to be 100 citations, then patents are

excluded from measurements for times after they accrue 100 citations (and not before).

In the case of the preferential attachment measurements, this means that for most times

at which the parameters are estimated, the number of excluded patents constitute much

less than one percent of the sample. The reason for this truncation is because the num-

ber of patents in the largest k-bins becomes exceedingly small and only amass enough

patents for an accurate rate measurement at very late times, if at all. If these patents

are included in the regression described above, it is found that the estimated parameter
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values remain the same while uncertainties increase. This observation is consistent with

the recognition that these patents only increase the noise level in our measurements

when using the described methodology, and justifies their omission from the parameter

estimation procedure.

Concerning the preferential attachment curve fitting, α is much more important to

network structure and growth than is f0, however fitting both parameters at the same

time introduces a small interdependence between the two that is exacerbated by the

relatively high uncertainty in the measurement of f0. For this reason, we remove code-

pendency of α and f0 in the fitting procedure using a two-step regression process. The

first step fits both α and f0 to obtain a time series of estimates for each parameter.

The second step then refits the curves with f0 fixed to the average value obtained from

the first step. This process results in the removal of any noise in the measurement of α

caused by the simultaneous fitting of f0. This process is only appropriate when there is

no systematic variability in f0, which is observed to be true for our data (see Figs. 4.5,

4.10-4.12). The parameters listed in Table 4.2 are the averages and uncertainties for f0

and α obtained from the first and second fitting stages respectively, and the uncertainties

represent a 95% confidence interval; the average is the arithmetic mean weighted by the

inverses of the variances in each parameter measurement, and the variance in this mean

is the bias-corrected variance of the parameter measurements.

4.5 Results & Discussion

4.5.1 Preferential Attachment

Preferential attachment, represented by the function f(k), appears to be an excellent

model for the functional dependence of k on the rate function6 (with the conceptual

caveats outlined in Section 3.4), see Fig. 4.4. As shown in the exemplar in Fig. 4.5

(equivalent figures for all other categories can be found in Section 4.7), the growth

parameters α and f0 show no systematic deviations from a constant value for most tech-

nology categories and are therefore generally consistent with the separable rate function

Ansatz.

6An alternate form of the preferential attachment model is examined in Section 4.5.4, with similar
results. The justification for the form of preferential attachment used in this thesis is also given there.



4.5. RESULTS & DISCUSSION 71

0.2

2.0

20.0

0 5 9
t (years)

Dk
i(t

+
Dt

)

k=80
k=16
k=1

0.2

2.0

20.0

1 10 100
k

Dk
i(t

+
Dt

)

t=2 years
t=5 years
t=9 years

Figure 4.4: Fitting the time and citation-number dependences of the empirical cita-
tion rate for the Human Necessities (A) technology category. Left: Mean number of
additional citations, ∆k(t + ∆t), as a function of time t for fixed citation bins with
log-midpoints at k = 1, 16 and 80 on a log-linear scale. Hollow symbols are derived
from the citation data, while lines represent the fit to the form of A(t) given by Eq.
(4.5a). Deviations from exponential-ageing behaviour occur only at short times. Right:
Mean number of additional citations, ∆k(t + ∆t), as a function of cumulative number
of citations k(t) for various fixed times t = 2, 5 and 9 years on a log-log scale. Hollow
symbols are derived from the citation data, while lines represent the fit to the form of
f(k) given by Eq. (4.5b).

There does not appear to be much variation in the preferential attachment strength

α between categories, with α ≈ 1.1 (see Table 4.2). This value is slightly lower than

those typically found previously (e.g. [165]) but still implies super-linear growth dynam-

ics. There is some variation in the parameter f0 between categories, reflecting differing

probabilities of being cited while having very few citations, however, the uncertainty in

this variable means that all measurements are generally consistent with one another.

The observed technology-independent universality of the preferential-attachment-type

growth behaviour points to the existence of common drivers for knowledge flow as prox-

ied by citations.

The “Physics” category is a notable exception with regard to stable growth param-

eters. For this category, both α and f0 increase slowly with time. The reasons for this

behaviour are still unknown.
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Category α f0 τ [years] A0 [years−1]

A 1.13 ± 0.02 1.21 ± 0.29 5.20 ± 0.48 0.33 ± 0.04

B 1.10 ± 0.04 1.46 ± 0.43 5.38 ± 0.47 0.25 ± 0.02

C 1.11 ± 0.03 0.95 ± 0.19 5.14 ± 0.47 0.32 ± 0.03

D 1.14 ± 0.14 1.33 ± 0.72 5.29 ± 0.97 0.24 ± 0.06

E 1.14 ± 0.14a 1.89 ± 0.81 5.52 ± 1.99b 0.21 ± 0.03

F 1.13 ± 0.05 1.66 ± 0.56 5.77 ± 0.64 0.21 ± 0.03

G 1.09 ± 0.08a 1.19 ± 0.28 5.19 ± 0.91b 0.28 ± 0.02

H 1.08 ± 0.06a 1.30 ± 0.31 5.19 ± 0.70 0.25 ± 0.02

Y 1.09 ± 0.03 1.32 ± 0.35 5.42 ± 0.36 0.27 ± 0.02

a Here α showed a moderate residual time dependence.
b Here τ showed a moderate residual dependence on the cumulative number of

citations.

Table 4.2: Parameter values for preferential-attachment-type growth (α, f0) and expo-
nential ageing (τ , A0) , extracted for patent cohorts from the individual CPC technology
categories listed in Table 4.3.

4.5.2 Ageing

The node ageing function A(t) also appears to be a good model of obsolescence in the

growing citation network, as shown in Fig. 4.4. For some technology categories there

is some deviation from the exponential form at small times (see Fig. 4.6), however an

exponential decay as in Eq. (4.5a) provides a good fit for all technology categories for

t ≥ τ/2 ≈ 2.5 years. The parameter τ is approximately constant across the whole

range of k-bins for most categories (see Fig. 4.5 and Section 4.7), again with the ex-

ception of the Physics category,7 and similar results are found for the scale parameter

A0. While there is variation between technology categories for τ , the uncertainties are

proportionally larger than for α. As such, while the differences shown in Table 4.2 are

interesting, they are mostly not statistically significant. The most obvious differences are

those between the stereotypically high-tech categories such as the Physics and Electricity

categories and the low-tech categories such as the Fixed Constructions and Mechanical

Engineering - the former categories age faster than the latter. While this result fits in

well with one’s intuition about the nature of these technologies, more exploration needs

7Hypotheses for citation lifetime increasing with popularity include an increased importance of auto-
correlations in this category, less predictable citation histories, or perhaps different knowledge diffusion
mechanisms reflecting a closer tie to academic research.
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Figure 4.5: Disentangling preferential-attachment-type growth from ageing in the cita-
tion rate of patents in the Human Necessities technology category. Left: Obsolescence
time τ extracted for each bin of patents with fixed number of citations k from fitting the
citation rate to the form of Eq. (4.5a) for times t ≥ t0 = 2 years. Centre: Preferential-
attachment exponent α, extracted for fixed times t from fits of the citation rate to the
form of Eq. (4.5b). Right: Constant contribution f0 to the preferential-attachment
part of the citation rate, extracted for fixed times t from fits to Eq. (4.5b). Circles are
fit-parameter values, solid lines their weighted averages, and black dashed (red dotted)
curves show 95% confidence intervals for fit-parameter values (weighted averages).

to be done to determine the true magnitude of these differences and check whether they

are also manifested in the small-scale structure of the citation network.

For some k-bins in some categories there exist small systematic deviations from the

exponential ageing function, as shown in Fig. 4.6. While these deviations are much

smaller than those observed in Higham et al. (2017) [157] due to improved method-

ology, they are significant enough to require a correction term when calculating the

analytic form of the degree distribution (see Section 4.5.3). These deviations require

further exploration; however, it is later observed in Chapter 6 that this deviation may

be accounted for by heterogeneities in patent quality. The model used in this chap-

ter assumes no differences in intrinsic patent quality, and therefore most patents have

roughly the same chance of being cited at small times (some patents may have accrued

negative-lag citations, however). If there exists a quality distribution with non-zero

variance, this assumption is violated, and this may affect measurements of node ageing

until enough time has passed such that accrued citations are more reflective of patent

quality. Alongside this effect, the mechanisms of knowledge transfer may also change

over time, and this may change the functional form of knowledge obsolescence. Both

of these hypotheses are consistent with two distinct node ageing regimes that are more

significant for certain types of technology.



74 CHAPTER 4. THE DYNAMICS OF PATENT CITATIONS

0.2

2.0

20.0

0 5 9
t (years)

Dk
i(t

+
Dt

)
k=80
k=15
k=1

 

 

 
 

    
 

 
 

 

 
 

 

 

 

 
0.9

1.3

1.7

0 5 9
t (years)

L(
t)

 (
ye

ar
s)

-1

 
Measured Rate
Theoretical Rate

Figure 4.6: Even when deviations from the exponential ageing function in Eq. (4.5a)
are large, as for the Electricity category (H), their effects remain confined to the first
three years of citation accrual. Left: Mean number of additional citations, ∆k(t+ ∆t),
as a function of time t for fixed citation bins with log-midpoints at k = 1, 15 and 80
on a log-linear scale. Hollow symbols are derived from the citation data, while lines
represent the fit to the form of A(t) given by Eq. (4.5a). The deviation from this
exponential form is greater than for the Human Necessities category shown in Fig. 4.4.
Right: Average citation rate Λ(t) as a function of time t. Empirical data for patents
in the Electronics technology category are shown as hollow circles. The red dashed line
shows the theoretical rate values calculated as described in Section 4.5.3 with Γ0 = 0.78.
Parameters used are those listed for the Electricity category (H) in Table 4.2.

As for the preferential attachment function, there are also alternative forms of the

ageing function. While the two-parameter exponential decay is the most parsimonious

form found in the literature, there are other, perhaps more popular, forms of the ageing

function8 [34]. These alternate forms and the justifications for avoiding their use in this

thesis can be found in Section 4.5.4.

4.5.3 The Degree Distribution and Related Quantities

The degree distribution n(k, t) (reiterated in Eq. (4.6)) depends only on the preferential

attachment function f(k), the ageing function A(t), and the initial citation distribution

n0(k). However, the deviations from the exponential ageing function observed for some

categories mean that n(k, t) will not accurately model the true citation distribution or

related quantities such as the average citation rate when A(t) is modelled as a purely

8These forms are usually applied either to citations between scientific articles or citations between
patents where the citation lag has been calculated differently from its definition in this thesis (Section
4.3.1).
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exponential decay.

In order to correct for this discrepancy and verify whether our fitting parameters can

accurately model the degree distribution, we need to account for this deviation at small

times. Remembering the degree distribution,

n(k, t) = n0(k) [γ(t)]f(k) +

k−1∑
l=0

n0(l)

(
k−1∏
m=l

f(m)

)
k∑
q=l

[γ(t)]f(q)∏k
m=l
m6=q

[f(m)− f(q)]
, (4.6)

we can specialise the time dependent component γ(t) to the exponential decay in Eq.

(4.5a), such that

γ(t) = Γ(t) exp

{
τA0

[
exp

(
− t
τ

)
− 1

]}
. (4.7)

Here, Γ(t) quantifies any systematic short-time deviation from exponential decay and is

defined as

Γ(t) ≡ exp

{
−
∫ t

0
dt′
[
A(t′)−A0 exp

(
− t
′

τ

)]}
. (4.8)

Because we observe exponential ageing at long times, Γ(t) goes to a constant Γ0 for

t ≥ τ/2.

Extracting Γ0 empirically is a numerical process. We first measure the deviation

from the fitted exponential decay as a function of time, after which we observe the

saturation point and average all measurements after this to obtain an estimate of Γ0.

Note that except for the measurement of Γ0, all of the parameters used to determine

the analytic curves for the citation distribution n(k, t) and the average citation rate

Λ(t) =
∑

k n(k, t) k are the parameter averages that are listed in Table 4.2.

In practice, Γ0 is calculated at each point in time by finding the value that Γ0 must

take in the model (Eq. (4.7) and Λ(t) =
∑

k n(k, t)λ(k, t)) to fit the real total rate at that

time. As the exponential decay in Eq. (4.5a) fits the observations well after a few years,

these measurements will eventually reach a steady value. However, the calculation of

A0 requires knowledge of α and f0, as the exponential fitting is carried out for different

values of k and at t = 0 the model rate is equal to A0(kα + f0). If, at small times, the

parameters α and f0 are systematically smaller or larger than their averages shown in
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Table 4.2, then Γ0 will not be calculated correctly at these times – which are precisely

the times during which the deviation exists. This is because the averages for α and f0

are the values inserted into the model to calculate Γ0 in the first place. For this reason,

Γ0 cannot be compared between categories where at least one of those categories has

α and f0 systematically different to their averages. This is the case for Category A, as

shown in Fig. 4.5, where f0 is systematically low for the times during which the excess

rate exists, and explains why the Γ0 measured for this category is the same value as

for Category H, despite the former displaying noticeably less deviation from exponential

decay9 (compare Figures 4.4 (left) and 4.6 (left)). In categories for which it is accurately

measured, Γ0 may provide some information about the nature of knowledge diffusion at

short time, as it quantifies the deviation from the model that describes the long-time

diffusion process [157]; however, this feature of knowledge obsolescence (also seen for

scientific articles, see Chapter 5) requires further work to understand its cause.

The good agreement between the real citation distribution and the analytic one for

Category A at small times (e.g. the curve at t = 2 in Fig. 4.7) is, therefore, coinci-

dental, as the deviation from exponential at small times is almost exactly balanced out

by the systematic deviation in f0. A good fit is also found for the (more aggregated)

total citation rate Λ(t) for almost the whole citation accrual period, also seen in Fig.

4.7 – again, coincidental at small times but showing good agreement for longer times as

well. For other categories, such as Electricity, the deviation from exponential ageing is

initially on the order of 20-30%. After measuring Γ0 and correcting for this deviation,

however, a good fit is achieved for t ≥ 3 as expected (see Fig. 4.6).

4.5.4 Alternative Functional Forms of Rate Function Components

Initial Attractiveness

A common alternate form of f(k) that has been used to capture non-linearities in ci-

tations networks is f∗(k) = (k + k0)α
∗
. Note this model only differs significantly from

9The estimated values of the parameter f0 for Category H do not exhibit any systematic deviation
from the average listed in Table 4.2 (see Fig. 4.11).
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Figure 4.7: Left: Distribution function n(k, t) for patent citations, plotted as a function
of the number k of citations for fixed times t =2, 5, and 9 years. Right: Average citation
rate Λ(t) as a function of time t. Empirical data for patents in the Human Necessities
technology category are shown as hollow symbols. Curves have been calculated from the
general theoretical expression in Eq. (4.6) (with Λ(t) calculated as described in Section
4.5.3) with functional forms for the ageing and preferential attachment functions given
in Eqs. (4.5a) & (4.5b), respectively. To capture deviations from exponential ageing at
short times, the factor Γ0 has been introduced as explained in Eqs. (4.7) & (4.8), with
Γ0 = 0.78. Parameters used are those listed for Human Necessities (category A) in Table
4.2.

f(k) for small k, as

lim
k→∞

f(k)

f∗(k)
= 1 (4.9a)

and lim
k→0

f(k)

f∗(k)
=

f0

kα
∗

0

. (4.9b)

There are strong reasons for selecting f(k) over f∗(k). The first is practical: the

preferential attachment strength parameter α should be independent of the initial cita-

tion rate proportional to f0. By allowing α∗ and k0 to be dependent on one another as

fitting parameters (as for the function f∗(k) for small k), their meaning becomes more

ambiguous. Secondly, the deviation from preferential attachment with f0 = k0 = 0 for

nodes with small degree should reflect a mechanism by which a node can start to ac-

crue new links. However, the effect of the super-linear (α > 1) preferential attachment

mechanism generally observed in citation networks should increase the chance of a new

citation based only on citations already accrued. By including k0 in the argument, the

initial rate needlessly depends on α∗; more seriously (as α∗ is much more consequential

for network structure at long times), α∗ depends needlessly on the initial rate. While
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Figure 4.8: Parameter estimates for the alternate functional form of preferential attach-
ment f∗(k) = (k+k0)α

∗
. Left: Exponent α∗ extracted from the fitting of f∗(k). Right:

Constant contribution k0 extracted from the fitting of f∗(k). Circles are fit-parameter
values, solid lines their weighted averages, and black dashed (red dotted) curves show
95% confidence intervals for fit-parameter values (weighted averages).

using the f∗(k) form does not (with enough data) significantly impact the measure-

ment uncertainty of the growth parameters, the results of this dependence is that when

α∗ > 1 it takes longer for k0 to become insignificant and this will generally bias α∗

upwards slightly. Thus, while the empirical ramifications of choosing f∗(k) over f(k)

are not great with large data sets with a large range of degrees with which to measure α,

networks in which this range is not available may suffer from a fitting bias. The fitting

results for the Human Necessities technology category for the alternate form f∗(k) can

be seen in Fig. 4.8, with similar results found for all other categories.

Power-Law Ageing

Many functional forms of node ageing have been suggested in the literature. In theo-

retical work the form is chosen for mathematical flexibility or convenience [35, 126]; in

empirical work (including this one) the form is usually chosen based on observation,

which itself depends on both how ageing is measured and how time is parametrised.

However, even in empirical work, convenience can dictate the form of the ageing

function. John von Neumann purportedly said “With four parameters I can fit an ele-

phant, and with five I can make him wiggle his trunk” [189]. This exercise has even been

carried out [190]. Over-fitting is always a concern in empirical work, and in this thesis,

it is argued that it is worth sacrificing some goodness-of-fit in exchange for reducing
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model complexity on the grounds that deviations from this simple model are perhaps

the result of changing knowledge diffusion mechanisms or unobserved heterogeneities

between patents within in each cohort such as fitness [191]. These suspicions are largely

confirmed in Chapter 6.

In previous research where network growth models are applied to citation networks,

the goal is often to produce a predictive model or test a new generative model, rather

than to understand knowledge dynamics (e.g. [187, 192]). In this situation, a three-

parameter model such as a modified power-law [38] or some model-dependent analytical

distribution may be appropriate. To compare these models of node ageing with the fit

obtained through Eq. (4.5a), a modified power-law of the form [38]

A∗(t) =
A∗0

(1 + t/τ∗)β
(4.10)

is tested on the data for the Electricity category (see Fig. 4.9), where A∗0, τ∗, and β are

fitting parameters. The Electricity technology category was chosen due to the patents in

this category displaying a larger deviation from exponential ageing, and thus provided

the best opportunity for the model in Eq. (4.10) to perform well. While this form pro-

vides a better fit, the uncertainties (displayed in Fig. 4.9) in the estimated parameters

are unacceptably large even for purposes of providing evidence for or against the separa-

bility of the rate function, let alone the comparison of different technological categories

or the study of knowledge transfer mechanisms.

If time is parametrised using the patent sequence numbers, then the ageing function

is not monotonic, instead taking on a Weibull-like form [37, 165]. In some ways, this

parametrisation is convenient, as it ensures a constant rate of patent grants, something

achieved in this thesis via the corrections to citation inflation. However, patent numbers

also significantly distort any measurements of knowledge flow due to large variances

in the grant lag within and between technology categories. For example, Valverde et

al. [37] find that the peak citation rate in the Weibull ageing model is after about 180

000 subsequent patents, which for the period around 1999-2001 corresponds to about

14 months. The average grant lag for this period is about 27 months (see Fig. 4.1),

implying that it is highly likely that most of the citing patents represented in this peak

were applied for before the grant of the patents they cite. The fact that there exists

an observed peak in citation rates in that work can, therefore, be seen as an artefact

of the time parametrisation and thus does not correspond to any real phenomena, and
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Figure 4.9: Power-law vs. exponential ageing: The three-parameter power law shown
in Eq. (4.10) fits the data superficially well but yields very uncertain parameter values.
Results shown for Category H (Electricity). Left: Comparison of model fits for the case
k =15, where the power-law fit (red solid curve) yields β = 2.9±0.7 and τ∗ = (8.6±6.0)
years (relative uncertainties of 24% and 69% respectively). This can be contrasted with
the exponential fit (black dashed line) that gives τ = (5.01 ± 0.40) years – a relative
uncertainty of 8% - while providing a fit that is almost indistinguishable from the power-
law fit for times t ≥ 2. Centre: Parameter τ∗ as obtained from the modified power-law
of the form in Eq. (4.10). Right: Parameter β as obtained from the modified power-
law of the form in Eq. (4.10). For the two graphs on the right, solid red lines represent
weighted averages, and black dashed (red dotted) lines represent 95% confidence intervals
for the fit-parameter values (weighted averages). Due to their very large values, 95%
confidence intervals for the bin k =53 have been left off the figures for readability.

that only the tail of this ageing function (which is a stretched exponential) contains

useful information about knowledge diffusion. While this approach may shed light on

the growth of real citation networks, there is little scope to connect this work to existing

economics literature on the diffusion and obsolescence of technical knowledge.

4.6 Conclusions & Outlook

The citation accrual model used in this chapter implements a different framework from

that of Caballero & Jaffe (1993) [12] and the subsequent work discussed in Section 4.1.1.

However, the models share the functional form of knowledge obsolescence - an exponen-

tial decay - which provides the opportunity for comparison. The parameter governing

this behaviour in our model is τ , which is equivalent to 1/β1 in the model used in Jaffe

& Trajtenberg (1999) [75] and seen in Eq. (4.1). The authors in that paper report that

β1 = 0.190 for the set of all patents granted between 1963 and 1993. Inverting this value

gives an equivalent τ of 5.26 years, a similar value to those displayed in Table 4.2.
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The results described in this chapter provide the first evidence for separability of

the rate function in the growth of the patent citation network, which means that it is

possible to move forward from this point with the knowledge that the mechanisms driv-

ing obsolescence are likely to be different from those that drive technological diffusion.

Additionally, these effects manifest themselves in the network structure such that they

can generally be treated as independent. In other words, this implies not only that the

rate at which new technology becomes irrelevant does not depend on the popularity of

said technology, but the reasons technology becomes irrelevant appear to be independent

of the mechanisms by which the ideas spread. Additionally, these mechanisms appear

manifest themselves across all technologies with equal strength – both long-term obso-

lescence rates and preferential attachment strengths display very similar values across

technology categories.

Measurements of the parameters governing preferential attachment and node age-

ing in the patent citation network also provide some insight into differences in network

growth dynamics between technology types. The magnitude of these differences is not

large; this may reflect the high level of aggregation present in the technology categories

used, where many patents belong to multiple categories. Because large quantities of data

are required for accurate measurement of the network growth parameters, analysing the

CPC-defined subcategories (moving down the scheme hierarchy) is almost always impos-

sible without significantly increasing both the time-window that defines the cohort and

the size of the k-bins to the point where cross-category comparisons are inconclusive.

However, one intriguing avenue for future work is the examination of preferential at-

tachment and obsolescence based on the technological category of the citing patent: do

citations inter-category citations display different dynamics to intra-category citations?

In this work, we have not examined any of the mesoscale structural differences be-

tween the various technology categories such as clustering or community structure within

categories, or indeed whether the CPC categories used are a good representation of a

partition that would produce differences in the network structure. Some categories,

such as Electricity (category H) or Textiles (category D) may be quite self-contained as

a collection of patents with similar diffusion and obsolescence characteristics, whereas

Operations and Transport (category B) casts a much wider net and may include a much

more diverse set of patents (see Table 4.3). Categorisation by community structure or

semantic content may produce much more homogeneous technology groups and, upon

analysis, may result in more significant differences in network growth parameters be-
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tween categories.

Many of the research methods detailed in this chapter were first published by the

author of this thesis in Ref. [157]. That work utilised different technological classifica-

tions (those listed in Ref. [185]) and a smaller cohort, and many of the methodologies

described therein have been significantly improved upon by those described in this chap-

ter. The results here remain qualitatively similar to those described in Ref. [157].

The growth of the patent citation network is often compared to that of the scientific

citation network. The substantial differences in the citation processes that generate these

networks would, at least on the surface, appear to preclude any comparison. However,

both processes involve both the obsolescence of knowledge and some mechanism(s) that

lead to good ideas gaining more traction than bad ones. On the other hand, it is

reasonable to expect that scientific knowledge is forgotten (as reflected by citations to

this knowledge) on a different timescale to the one that governs technological irrelevance,

given the differences in the incentives for discovery, knowledge organisation systems, and

citation conventions. In the next chapter, we ask: what happens when we apply the same

methodology to a scientific citation network?
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4.7 Additional Tables & Figures for Chapter 4

Table 4.3: CPC technology categories (officially Sections) and the three largest sub-
categories (officially Classes) in each.

Category Name
Largest Sub-

Categories
Description

A
Human

Necessities

61 Medical or Veterinary Science; Hygiene

01
Agriculture; Forestry; Animal

Husbandry; Hunting; Trapping; Fishing

47

Furniture; Domestic Articles or

Appliances; Coffee Mills; Spice Mills;

Suction Cleaners in General

B
Operations &

Transport

60 Vehicles in General

01
Physical or Chemical Processes or

Apparatus in General

65
Conveying; Packing; Storing; Handling

Thin or Filamentary Material

C
Chemistry &

Metallurgy

07 Organic Chemistry

08

Organic Macromolecular Compounds;

Their Preparation or Chemical

Working-up; Compositions Based

Thereon

12

Biochemistry; Beer; Spirits; Wine;

Vinegar; Microbiology; Enzymology;

Mutation or Genetic Engineering

D Textiles

06

Treatment of Textiles or the Like;

Laundering; Flexible Materials Not

Otherwise Provided for

21 Paper-making; Production of Cellulose

04
Braiding; Lace-making; Knitting;

Trimmings; Non-woven Fabrics

Continued on Next Page. . .
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Table 4.3 (Continued)

Category Name
Largest Sub-

Categories
Description

E
Fixed

Constructions

04 Building

21 Earth Drilling; Mining

05
Locks; Keys; Window or Door Fittings;

Safes

F
Mechanical

Engineering

16

Engineering Elements and Units;

General Measures for Producing and

Maintaining Effective Functioning of

Machines or Installations; Thermal

Insulation in General

02
Combustion Engines; Hot-gas or

Combustion-product Engine Plants

01

Machines Or Engines In General;

Engine Plants In General; Steam

Engines

G Physics

06 Computing; Calculating; Counting

01 Measuring; Testing

11 Information Storage

H Electricity

01 Basic Electric Elements

04 Electric Communication Technique

03 Basic Electronic Circuitry

Y General

10
Technical Subjects Covered by Former

USPC

02

Technologies or Applications for

Mitigation or Adaptation Against

Climate Change

04

Information or Communication

Technologies Having an Impact on

Other Technology Areas
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Figure 4.10: Disentangling preferential-attachment-type growth from ageing in the ci-
tation rate of patents granted by the USPTO. Rows represent technology categories
(excluding Category A, for which the parameter estimates can be seen in Fig. 4.5) while
columns represent the parameter measurements.
Rows: Parameter estimates for the cohorts of patents assigned, from top to bottom,
categories B, C, and D.
Columns: Left: Obsolescence time τ extracted for each bin of patents with fixed
number of citations k from fitting the citation rate to the form of Eq. (4.5a) for times
t ≥ t0 = 2 years. Centre: Preferential-attachment exponent α, extracted for fixed times
t from fits of the citation rate to the form of Eq. (4.5b). Right: Constant contribution f0

to the preferential-attachment part of the citation rate, extracted for fixed times t from
fits to Eq. (4.5b). Circles are fit-parameter values, solid lines their weighted averages,
and black dashed (red dotted) curves show 95% confidence intervals for fit-parameter
values (weighted averages).
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Figure 4.11: Disentangling preferential-attachment-type growth from ageing in the cita-
tion rate of patents granted by the USPTO. Rows represent technology categories while
columns represent the parameter measurements.
Rows: Parameter estimates for the cohorts of patents assigned, from top to bottom,
categories E, F, and G.
Columns: Left: Obsolescence time τ extracted for each bin of patents with fixed
number of citations k from fitting the citation rate to the form of Eq. (4.5a) for times
t ≥ t0 = 2 years. Centre: Preferential-attachment exponent α, extracted for fixed times
t from fits of the citation rate to the form of Eq. (4.5b). Right: Constant contribution f0

to the preferential-attachment part of the citation rate, extracted for fixed times t from
fits to Eq. (4.5b). Circles are fit-parameter values, solid lines their weighted averages,
and black dashed (red dotted) curves show 95% confidence intervals for fit-parameter
values (weighted averages).
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Figure 4.12: Disentangling preferential-attachment-type growth from ageing in the cita-
tion rate of patents granted by the USPTO. Rows represent technology categories while
columns represent the parameter measurements.
Rows: Parameter estimates for the cohorts of patents assigned categories H (top) and
Y (bottom).
Columns: Left: Obsolescence time τ extracted for each bin of patents with fixed
number of citations k from fitting the citation rate to the form of Eq. (4.5a) for times
t ≥ t0 = 2 years. Centre: Preferential-attachment exponent α, extracted for fixed times
t from fits of the citation rate to the form of Eq. (4.5b). Right: Constant contribution f0

to the preferential-attachment part of the citation rate, extracted for fixed times t from
fits to Eq. (4.5b). Circles are fit-parameter values, solid lines their weighted averages,
and black dashed (red dotted) curves show 95% confidence intervals for fit-parameter
values (weighted averages).
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Chapter 5

The Dynamics of Scientific

Citations

5.1 Scientific Citation Dynamics

There is often a focus, especially in the network science literature, on the particular

shape of the scientific citation distribution [138, 193–197]. This chapter, as for Chapter

4, will focus instead on the dynamics of scientific citations and assumes that the citation

distribution is simply the result of microscopic network-growth mechanisms acting over

time – it is these growth mechanisms that are of interest. The analyses presented in

this chapter mirror those presented in Chapter 4 and act as a comparison between the

dynamics of scientific citations and patent citations.

The analysis of scientific citation dynamics has a longer history and has generated a

lot more interest than that of patent citation dynamics, and this is particularly true of

network-science-based work. As such, the following sections will briefly review empirical

work in scientific citation dynamics, and in particular the growth and ageing dynamics,

from both a traditional bibliometric viewpoint and a network science viewpoint. The

theoretical work outlined in Chapter 3 applies equally to scientific and patent citation

networks, and will not be reiterated here. However, note that the network-science liter-

ature in this field tends to focus on modelling the mechanisms that advance the growth

of the network rather than those that restrict growth (e.g. node ageing).

Gaining a full understanding of the dynamics of citation accrual by scientific articles

and patents has been hampered by the need to account for various closely entangled, and

89
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sometimes mutually counteracting, influences. This suggests a need to disentangle these

influences before the real-life mechanisms behind them can understood. This chapter

serves two purposes: to check that the rate separability assumption applies to scientific

works as it did for patents (see Chapter 4); and to directly compare the extracted rate

parameters for obsolescence and preferential attachment between these two networks.

Much of the discussion around the separability assumption in Section 4.1.3 is based on

prior work on the growth of scientific citation networks. As such, that discussion is

particularly relevant to this chapter as well.

5.1.1 Ageing

The obsolescence, or ageing, of scientific ideas has been of empirical interest since at

least 1960 when the idea of a “half-life” of scientific ideas first appeared [198]. Since

this time, two distinct but related literatures have developed with regard to the mea-

surement of obsolescence [199–201]. The most common way to measure the growing

irrelevance of ideas in most early work is known as the synchronous or retrospective

approach (e.g. [171, 174, 202–204]), and involves the analysis of the age distribution of

backward citations. This method was much more practical than the analysis of forward

citations, known as the diachronous or prospective approach (e.g. [187,205,206]), in the

absence of the large data sets available today – after all, it would be possible, given a set

of articles, to construct the complete age distribution of the backward citations and gain

a good understanding of the age structure of the field characterising the articles. On the

other hand, an (unbiased) diachronous approach would require knowledge of all forward

citations to an article from all possible sources – certainly a mammoth task without

digital databases and the world wide web, and aspects of which are still problematic

today.

One of the questions that is often asked in works studying obsolescence is the par-

ticular shape of the ageing function [34, 171, 204]. This depends critically, of course,

on both how the data is processed and which of the approaches above (synchronous or

diachronous) is used – the various choices of which can produce decays that are exponen-

tial [36,126,170,171,207], log-normal [34,187], power-law [32,38,174], Weibull [37,208] or

combinations of these [192]. To address the second point of difference, Yin & Wang [34]

conduct an extensive literature review of both approaches and conduct their own analysis

in order to consolidate the myriad conflicting results. Once the distributions of citation
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ages had been normalised to account for changing numbers of potentially citing/citable

papers, the authors found that a log-normal decay in the probability of citation worked

well for both synchronous and diachronous measurements. The results discussed in this

chapter are not necessarily inconsistent with this finding, as the articles examined in

this chapter are relatively homogeneous in publication time and more field specific than

those used in Ref. [34], which are an aggregate of many different academic fields which

may differ considerably in their ageing characteristics. The modelling approach detailed

in Section 5.4 reflects the fact that the use of a model with more than one parameter

would not lead to interpretable results, and in any case would not be directly comparable

to the results for patents described in Section 4.5. Additionally, while the authors of

Ref. [34] note an exponential increase in publications in their data, this is not observed

here and there is in fact distinctive variation in the number of publications by particular

journals that can be traced to changes in journal policy (see Section 5.2.3).

It is very difficult to empirically test models of real phenomena that lead to the

observed ageing functions. This is perhaps not surprising, as the citation process, the

various motivations for citation, and the diffusion mechanisms by which ideas spread are

all acting at the same time; these effects may interact with one another, and data that

can be used to investigate them may be hard to come by.

Very little has been done to incorporate obsolescence into growing networks in a way

that is substantively different from the traditional approaches; after all, explicit and

global node ageing is not a network-exclusive phenomenon. This is because obsoles-

cence, as defined here and in many other works (e.g. see the review in [34]), is generally

assumed to be indiscriminate with regard to nodes in different local network environ-

ments. In most cases where a citation model is dependent on network structure, ageing

is built in as a side-effect of the model construction (e.g. structural ageing, as discussed

in Section 3.2.5), rather than being dependent on any individual-node-specific properties.

However, while not the goal of this thesis, there are many exciting avenues of re-

search to be undertaken in this area that do integrate network phenomena into ageing

dynamics or attempt to model real obsolescence mechanisms. These include the in-

tegration of social or collaboration networks as conduits for knowledge diffusion [209],

models that incorporate network-based node properties such as centrality measures [210]

or copying mechanisms [138], and the application of sociological [211–213] or economic

principles [214–216] to explain specific behaviours.
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While there is still much interest in the ageing of scientific literature from a tra-

ditional bibliometric standpoint, the focus appears to have shifted somewhat to the

categorisation of article citation histories in order to find so-called ‘sleeping beauties’ or

‘flashes in the pan’ and identifying the differing characteristics of the articles in these

categories [217–222]. This research is not very relevant to the work in this chapter and

is not discussed further.

5.1.2 Preferential Attachment

Preferential attachment is the network-science version of the concept variously known

in other fields as cumulative advantage [116], the Matthew effect1 [118], or simply ‘the

rich get richer’ and ‘success breeds success’ [223]. In the context of bibliometrics, cumu-

lative advantage was first investigated by Price [116], building on mathematical models

developed earlier by Yule [224] and Simon [117]. In this model, Price makes the rea-

sonable assumption that the probability of an article gaining a new citation is linearly

proportional to the number of citations already obtained, with an initial attractivity of

unity chosen for practical reasons. The resulting citation distribution is shown to be in

the form of a Beta distribution, which was consistent with real citation data.

Barabasi & Albert [1] then independently rediscovered a special case of this mech-

anism as a feasible explanation for the power-law distributed tails of the degree distri-

butions observed in many real networks. The authors found that a linear preferential

attachment mechanism results in a power-law distributed degree distribution with ex-

ponent equal to −3 at long times.2 This (very popular) paper came very shortly after a

study of the citation distribution that observed a power law distribution with exponent

−3 [225], suggesting that citations too, while not considered in the paper of Barabasi

1The Matthew effect takes its name from the Bible verse Matthew 25:29, which states “For unto
every one that hath shall be given, and he shall have abundance: but from him that hath not shall be
taken away even that which he hath.” Note that the preferential attachment mechanism as defined in
the network science literature generally does not remove links, as implied by the last clause of this verse.

2 Note that this distribution was the result of a mean-field approach, mathematically equivalent to a
model with continuous node degrees [114], and is therefore an approximation to the degree distribution for
networks with discrete node degrees (including the distributions of the networks the authors were trying
to account for). This issue was quickly noticed and rectified by two groups simultaneously [113,114].
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& Albert [1], might be generated by a process resembling preferential attachment. Of

note is that neither of these papers cited Yule, Simon, or Price, the latter of whom

was a pioneer in the study of citation distributions (e.g. [105]). Surprisingly, the fact

that preferential attachment was a rediscovery was not acknowledged in the literature

until more than three years after the publication of Ref. [1] by White [226], a mathe-

matical sociologist. In the physics literature this took longer to acknowledge; the first

physicist (a group within which network science was quickly gathering momentum) to

cite both Ref. [1] and Price’s original paper [116] was Newman [227], 4 years after the

publication of Ref. [1], by which time this paper had already garnered over 1000 citations.

Models of preferential attachment in citation networks, however, don’t often stray

from the model proposed by Price [116] – a paper in which the ‘citation network’ was

used as a descriptor for the system under examination and no network-specific mathe-

matical tools were implemented. Even in his paper “Networks of Scientific Papers” [105],

Price simply used the concept of a network as a mental framework for his analysis. We

follow this mode of thinking in both this chapter and the previous. For example, the

preferential attachment mechanism defined in this thesis is only augmented by two pa-

rameters: an initial attractiveness in the spirit of Price [116], and an exponent to allow

for non-linear growth (although this exponent is still generally close to unity and, there-

fore, the linear case). Note that preferential attachment (as for node ageing) as defined

in this thesis is a mechanism that applies equally to all nodes regardless of any local

factors such as the characteristics of a node’s neighbours or its community membership –

by definition this means that we don’t actually require the network framework for these

analyses. There are many toy models that can imitate the preferential attachment effect

without the need for a network framework, including the Pólya urn model [228] or the

Chinese restaurant process [229, 230]. A useful survey of generative models of this type

can be found in Ref. [231].

After its rediscovery in the era of accessible, digital datasets, preferential attachment

proliferated in many new and exciting fields, including the field of network science as

applied to bibliometrics. The new resources available in this field were ripe for testing

new algorithms and statistical methodologies – this is perhaps unsurprising given that

the scientific citation network was something that researchers where already embedded

in, both professionally and literally. The process of scientific citation was not foreign to

those who wished to study it, and there was already a large body of work in bibliometrics,

pioneered by the likes of Garfield [103], Merton [118], and Price [232] on which to draw
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inspiration and with which to compare results. The ‘new’ science of networks [233], how-

ever, did offer unexplored avenues of research that depended on the presence of network

structure, such as collaboration networks [234], co-citation [235], homophily [236], and

clustering [237]. Without imagining scientific articles as being embedded in a growing

citation network, the analysis and measurement of these phenomena would be difficult,

if not impossible, to conceive.

5.2 Scientific Citation Data

5.2.1 The American Physical Society Dataset

The bibliometric and citation data set used in this chapter is provided by the American

Physical Society (APS) and, in its entirety, consists of article metadata and citation

pairs dating back to 1893 [238]. The subset of this data set that is focused on here is

the cohort of articles published in the years 1999-2001 (the justification for using this

particular subset can be found in Section 5.2.3) in the research-field-specific APS jour-

nals Physical Review A, B, C, D, and E (from this point onward abbreviated as PRA,

PRB, etc.), as well as the APS’s multidisciplinary-physics letters journal Physical Re-

view Letters (PRL). Secondary cohorts from earlier times are also analysed for temporal

comparisons to this focal cohort, and include articles published in the same journals

(excluding PRE) from 1978–82 and 1988–92. These earlier cohorts are discussed further

in Section 5.2.3.

Citation rates are measured using all citation pairs whereby the cited article in one

of these cohorts is linked to a citing article published in the years 1999–2015 in any APS

journal. For all of the specialized journals (such as PRA–E), the fraction of citations

originating from articles published in the same journal is quite high, justifying the ap-

proach to use these journals to be representative of different research fields. As expected,

this is not the case for the multi-disciplinary letters journal PRL, which is included as a

benchmark for useful comparison.

There are a number of benefits and limitations presented by this dataset. The pri-

mary advantage is that, while limited, this data does allow for some degree of quality

control on the citing articles due to the prestige of these journals, and therefore cita-

tions to a particular article may constitute a reasonable measure of its impact within
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the physics community. The main limitation, which may also be framed as a convenient

filter, is that only citations between APS articles are included, and, therefore, we can-

not measure the impact of articles in the dataset outside of APS journals. This fact

particularly impacts the more interdisciplinary journals such as PRB and PRE, where

much of the impact may be in either specific related fields that are not covered by APS

journals such as physical chemistry (in the case of PRB) or in non-physical science fields

generally (in the case of PRE).

5.2.2 A Note on Scientific Literature Classification Schemes

There are many ways to classify scientific literature. As mentioned above, the informal

classification system used in this chapter is simply defined by the scope of the different

APS journals, as listed in Table 5.1. There exist more systematic, hierarchical classifi-

cation systems such as the Physics and Astronomy Classification Scheme (PACS) that

may be preferable to the simple groupings used here, however this data is not available

for this dataset as PACS is no longer maintained. In any case, the data is limited enough

without breaking it down further into smaller groups for analysis and therefore the use

of PACS would likely impact the accuracy with which network growth parameters are

measured, and therefore severely restrict the conclusions able to be drawn from such an

analysis. Note that a system like PACS would be preferable with a larger data set; how-

ever with regard to the cohorts examined in this chapter, further disaggregation would

severely limit meaningful interpretation of results due to lack of data.

5.2.3 Cohort Selection

In the case of the cohort selected to analyse the growth of patent citations in Section

4.2.3, three criteria were considered: cohort size, time to accrue citations, and the min-

imisation of changes external to the invention process that affected patenting or citation

behaviour. The first two criteria are just as applicable to scientific articles as they are

to patents, however, the last criteria is less relevant. As scientific articles and their ci-

tations do not have legal consequence in the same way that patents and their citations

do, there are no procedural changes originating outside APS itself that directly changes

citation behaviour. As changes in the way research is evaluated may change publication

behaviour [239], however, it remains prudent to restrict the cohort length to mitigate the

effect of long-term systematic variation caused by these policy changes. Additionally, as
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Journal Fields Covered
Published

from

Physical Review
Letters

All Physics 1958

Physical Review A
Atomic, molecular, and optical

physics, and quantum information
1970

Physical Review B
Condensed matter and materials

physics
1970

Physical Review C Nuclear physics 1970

Physical Review D
Particle physics, field theory,
gravitation, and cosmology

1970

Physical Review E
Statistical, nonlinear, biological, and

soft matter physics
1993

Table 5.1: Descriptions of the journals that make up the cohorts whose citation growth
properties are analysed in this chapter. Note that incoming citations are not restricted
to this group, and may originate from any journal published by the American Physical
Society.

each journal published by APS has relative autonomy over any guidelines that may effect

publication or citation procedure (e.g. [240, 241]), it is not possible to control for these

small changes by choosing a cohort during which time no significant changes occurred.

Therefore, for the same reasons described in Section 4.2.3, the cohort 1999-2001 was

chosen for the analysis in this chapter – this balances the need for a large data set with

the length of time required to analyse the dynamics of citation accrual while allaying

the effect of secular changes in publication behaviour.

For comparison, two older cohorts are also included for analysis in this chapter, ar-

ticles published in the same journals (excluding PRE3) between 1978-82 and between

1988-92. The time intervals between each cohort is therefore about 10 years, which fa-

cilitates comparison of temporal changes between cohorts. Table 5.2 shows the cohort

statistics for all cohorts, wherein it is clear that the 1988-92 cohort has a comparable

number of articles to the latest cohort, while the number of citations per article is much

smaller. As all of the analyses in this chapter are dependent on being able to measure

3PRA was originally subtitled “General Physics”, and was split into the current versions of PRA
and PRE in 1993. PRA in the two older cohorts can therefore be viewed as the combination of PRA
and PRE as described in Table 5.1.
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Year Journal
Total

Articles

Total

Citations

Mean

Citations

Median

Citations

1999-2001

PRA 4 449 40 850 9.2 4.2

PRB 14 645 134 844 9.2 4.5

PRC 2 635 26 394 10.0 5.3

PRD 5 885 68 909 11.7 5.7

PRE 6 565 40 066 6.1 3.2

PRL 9 334 192 903 20.7 11.1

1988-92

PRA 9 519 51 017 5.4 2.7

PRB 19 189 128 918 6.7 3.1

PRC 3 617 19 137 5.3 3.1

PRD 5 232 27 897 5.3 2.4

PRL 9 598 127 883 13.3 6.7

1978-82

PRA 3 571 15 120 4.2 2.4

PRB 7 820 40 503 5.2 2.5

PRC 3 221 18 994 5.9 2.9

PRD 4 291 25 040 5.8 2.2

PRL 5 786 52 685 9.1 5.2

Table 5.2: Summary statistics for the three cohorts of APS-published articles analysed
in this chapter. Citation statistics are calculated from the inflation-adjusted citations
(from all APS journals) to each cohort 14 years after the publication of the cited articles
within the cohort.

citation rates, lower citation rates limit the accuracy and precision with which the net-

work growth parameters are able to be measured. The 1978-82 cohort has this limitation

as well, while at the same time having half as many articles, compounding this issue.

Therefore, while these earlier cohorts are included for comparison to the 1999-2001 co-

hort, only the large and consistent differences between cohorts will be noted.

As for patent citations, changes in publication rates are controlled for (as detailed

in Section 5.3.2), while changes in the average length of reference lists are not – and

there have been few specific changes to APS procedures or author guidelines that would

change the number of scientific publications that are cited. The notable exception to

this was a change to the length limit for PRL articles, which switched from a four-page

limit to a 3750 word limit in July 2011, and removed the need to exclude pertinent

references if more space was required for the main body of the article. This resulted in

a marked increase in the number of references listed in articles published in this journal
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Figure 5.1: The mean number of backward citations made by PRL articles by month
between 1999 and 2015. In July 2011, PRL switched from a page-limit to a word-limit,
allowing for longer reference lists and leading to a clear change in citation behaviour due
to this change in publication policy.

after this time, see Fig. 5.1. The large external change that may be of concern is the

shift to digital search for literature, which one would expect to result in longer reference

lists due to the increasing ease of discovery of relevant work [242]. This is not controlled

for in this chapter, and in any case, it is not clear that this would have a large impact

on internal APS citations.

5.3 Data Preparation

The data preparation for scientific articles is nearly identical to the data preparation for

patents, as the same analysis is conducted on each set of documents. Therefore, with

the exception of the minor differences discussed in the following sections, the procedure

for processing the APS data is the same as the procedure detailed in Section 4.3.
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5.3.1 Redefining the Citation Lag

For the analysis of patent citations, it was important to define the citation lag as the

time between the grant of the cited patent and the application of the citing patent (see

Section 4.3.1). This was because the application date is closer to the date of invention,

and therefore the date that the information contained in the cited patent was built on

or otherwise utilised to invent something novel. Additionally, the grant lag is not only

very long, but extremely variable from patent to patent.

While the APS dataset does not include the dates that each article was submitted to

the journal in question, which would be ideal, the lag between submission and publica-

tion is nowhere near as long as for patents. Therefore, while the use of publication dates

is the only option to define the citation lag, this is unlikely to have a large impact on the

results of subsequent analyses. Additionally, as many physics papers are published on a

preprint server before being published by a journal, much of the information content of

the published articles are disseminated to the community before their publication. This

allows other researchers to utilise this information and publish their own articles sooner

than would be expected if, in analogy to patent grants, publication in an APS journal

was the first time the work was made public.

All analysis and results in this chapter, therefore, have the citation lag defined as

the time between the publication of the cited article and the publication of the citing

article. Note also that because all citations are internal (they do not include citations to

preprints or other non-finalised works), all citation lags are positive, unlike the patent

case. It follows that all articles have zero citations at t = 0, and the initial citation

distribution is thus simply n0(k) = δ(k).

5.3.2 Citation Inflation

Both the number of articles produced and the average number of citations made by

articles vary over time. In the long term, the combined effect of these factors causes a

citation inflation that can mask the trend of obsolescence. As previously, we consider

the changing rate at which articles are published an exogenous factor, as such changes

in research productivity can be expected to be largely determined by the availability

of resources, general policy decisions, or other influences that do not reflect the utility

of prior knowledge. In contrast, any change in the average number of citations made
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by each article is indicative of the need to cite more or less of the currently relevant

knowledge and, thus, is intrinsic to the information ecosystem.

The differences between citation inflation as detailed here and in Section 4.3.2, there-

fore, constitute a simple change in the meaning of the notation (emphasised in italics)

to reflect the different data used in each analysis. Slightly modifying Eq. (4.3), we

can account for the growth of published articles and therefore a changing probability of

citation due to the purely exogenous forces driving these changes by rescaling citations

such that a citation from article i published in journal J in the time period [Ti, Ti+ ∆T ]

has the value

ci(Ti;T0,∆T ) =
NJ(T0,∆T )

NJ(Ti; ∆T )
, (5.1)

where NJ(Ti; ∆T ) is the number of articles published in the time interval [Ti, Ti + ∆T ]

in the journal J , and NJ(T0,∆T ) is the number of articles published in the time inter-

val [T0, T0 + ∆T ] in the same journal J . Note that the averaging process used in the

case of patent citations is not necessary for scientific articles as each article can only be

published in one APS journal. The variations in the value of citations originating from

different journals is shown in Fig. 5.2.

5.4 Modelling Strategy

As per the previous chapter, the simultaneous influences of knowledge-diffusion-driven

growth and obsolescence-related decay on the citation rate can be captured by postu-

lating the functional form λ̄(k, t) = A(t) f(k), where A(t) is a purely time-dependent

ageing function, and the growth kernel f(k) embodies the PA mechanism. The time

variable t here represents the time in years from publication of the articles in the cohort

(c.f. T in Eq. (5.1) which denotes calendar time).

We again observe that the observations are well described by the functional forms

A(t) = A0 exp

(
− t
τ

)
for t ≥ t0 ≈ τ/2 , (5.2a)

f(k) = kα + f0 , (5.2b)

where A0, τ , α, and f0, are parameters controlling scale, characteristic obsolescence time,
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Figure 5.2: The value of patent citations, ci(Ti;T0,∆T ), for different journals published
by the APS over the course of the 14-year period during which citation accrual is observed
for the 1999–2001 cohort, calculated as described in Eq. (5.1). Not shown are the smaller
journals published by the APS – citations from these journals are still counted if they
cite an article in one of the cohorts described in Section 5.2.3, however, the six journals
shown here represent 98.3% of the citations to the 1999-2001 cohort and an even larger
fraction of the earlier cohorts.

preferential attachment strength, and initial attractive respectively. Examples of the fits

to these forms can be seen in Fig. 5.3. The use of these particular functional forms,

rather than the alternatives described in Section 4.5.4, allows the direct comparison of

citation dynamics between patents and scientific articles.

The fitting of these parameters is done in the same way as described in Section 4.4

(two-step weighted regression with logarithmic binning), with one important difference.

The number of articles in each journal’s cohort is an order of magnitude smaller than the

number of patents in their respective cohorts. To make the most of the data available,

therefore, it is possible to change the bin sizes in both the time and k dimensions of

the analysis. This means that when fitting A(t) for the groups of articles in particular

fixed-k bins, we can more accurately represent the data by slightly increasing the size of

the k bins such that more articles are included in each individual fitting procedure for

λ̄(k, t) at fixed k, while at the same time decreasing ∆t for greater time resolution. Due

to the finite range of empirically available k values, this means there are fewer fixed-k

fitting procedures and thus fewer measurements of τ and A0; however, we do not require
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Figure 5.3: Fitting the time and citation-number dependencies of the empirical citation
rate for the journal PRD. Left: Mean number of additional citations, ∆k(t+ ∆t), as a
function of time t for fixed citation bins with log-midpoints at k = 4, 16, and 59. Hollow
symbols are derived from the citation data, while lines represent the fit to the form of
A(t) given by Eq. (5.2a). Deviations from exponential-ageing behaviour occur only at
short times, and are greater than those observed for patents (see Section 4.5). Right:
Mean number of additional citations, ∆k(t + ∆t), as a function of cumulative number
of citations k for various fixed times t = 4, 8, and 12 years. Hollow symbols are derived
from the citation data, while lines represent the fit to the form of f(k) given by Eq.
(5.2b).

a large number of measurements to detect any systematic change in these parameters

with k. The opposite is true when fitting f(k) – smaller k bins can be compensated for

by a longer time period (∆t) over which the effective citation rate is measured. Based on

such considerations, we have chosen ∆t = 6 months when fitting A(t) and ∆t = 1 year

when fitting f(k).

Also worth noting is that due to the lack of a non-trivial initial citation distribution,

it is not possible to model the preferential attachment mechanism at time t = 0, as there

is only one possible value of k at this time.

5.5 Results & Discussion

In the analysis of patent citations in Chapter 4, the significant changes in patenting

behaviour spurred by legislative and procedural changes external to the inventive pro-

cess [71] meant it would be difficult to directly compare patents separated by long times.

This is not, however, as much of a problem for scientific articles, and particularly so for



5.5. RESULTS & DISCUSSION 103

such a select sample from high quality journals. It is possible, therefore, to investigate

systematically the quality of separability and determine the values for parameters in the

ageing function and the preferential-attachment-growth kernel characterizing the cita-

tion dynamics of articles published in different years. While the results for the 1999-2001

cohort remain the most statistically robust and are therefore the most appropriate to

compare with the results for patents in Chapter 4, results from earlier cohorts are also

reported in this chapter. The cohorts chosen for these analyses are defined by a longer

time period of 5 years, and are roughly ten and twenty years prior to the focal cohort

of 1999-2001: 1988-1992 and 1978-1982. These cohorts are analysed for comparison

with the focal cohort, and while they are not ideal for this analysis due to the reasons

discussed in Section 5.2.3, there may be some useful information to gain through these

comparisons.

Most of the figures found in the main body of this chapter show the results for the

journal PRD, a journal publishing research in the fields of particles, fields, gravitation,

and cosmology. Research in these fields is unlikely to have a large impact in domains

other than physics, and thus this journal represents a relatively homogeneous dataset

with regard to citation dynamics. Citations to articles published in PRB are also briefly

examined, as these articles represent a much more field-heterogeneous set than those

published in PRD. Results for all other journals in the 1999-2001 cohort can be found

in Figs. 5.6 & 5.7.

5.5.1 Preferential Attachment

As displayed in Table 5.3, the fits of the PA-mechanism growth kernel given in Eq.

(5.2b) to the data yield values of the exponent α that vary moderately across the dif-

ferent APS-journal cohorts and are generally consistent with a superlinear dependence

on k (1.0 < α . 1.2) – broadly the same as the measured values of α for the patent

cohorts. Additionally, the estimated values of the parameter related to initial attractive-

ness, f0, are around unity, again the same as for the patent cohorts. These similarities

are somewhat surprising, given the vast differences in the meaning and process of cita-

tion between scientific articles and patents, this is discussed in more depth in Section

5.6.1.

In comparing the three cohorts, the preferential attachment strength appears to be

shrinking with time; however, further research is required to estimate the statistical sig-
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Year Journal α f0 τ [years] A0 [years−1]

1999-2001

PRA 1.17 ± 0.05 1.25 ± 0.58 4.63 ± 0.72 0.27 ± 0.08

PRB 1.13 ± 0.10a 1.11 ± 0.42 4.44 ± 0.94b 0.36 ± 0.09

PRC 1.11 ± 0.10 1.23 ± 0.91 5.74 ± 1.51 0.23 ± 0.05

PRD 1.11 ± 0.06 1.11 ± 0.85 5.00 ± 0.90 0.21 ± 0.04

PRE 1.03 ± 0.16a 0.77 ± 0.41 4.70 ± 1.60 0.37 ± 0.16

PRL 1.06 ± 0.11a 1.07 ± 0.55 4.71 ± 0.98b 0.41 ± 0.15

1988-92

PRA 1.22 ± 0.07 0.86 ± 0.29 5.22 ± 0.53 0.17 ± 0.03

PRB 1.18 ± 0.06 0.82 ± 0.70 5.74 ± 0.73 0.16 ± 0.01

PRC 1.19 ± 0.10 1.07 ± 1.48 6.03 ± 1.10 0.13 ± 0.03

PRD 1.21 ± 0.10 0.71 ± 0.43 6.34 ± 1.08 0.11 ± 0.02

PRL 1.11 ± 0.08 0.66 ± 0.34 5.53 ± 0.71 0.20 ± 0.02

1978-82

PRA 1.20 ± 0.16 0.95 ± 0.61 7.56 ± 1.28 0.10 ± 0.01

PRB 1.25 ± 0.07 1.01 ± 0.42 5.44 ± 0.75 0.13 ± 0.01

PRC 1.28 ± 0.13 1.39 ± 1.44 5.25 ± 0.81 0.13 ± 0.02

PRD 1.26 ± 0.14 0.85 ± 0.48 6.38 ± 2.80 0.09 ± 0.02

PRL 1.10 ± 0.10 0.76 ± 0.38 5.76 ± 1.54 0.16 ± 0.02

a Here α showed a moderate residual time dependence.
b Here τ showed a moderate residual dependence on the cumulative number of citations.

Table 5.3: Measured values for the parameters characterising preferential attachment
(α and f0) and obsolescence (τ and A0), extracted by analysing citations to articles
published in APS journals in the years 1999–2001. For comparison, results obtained
from performing the same analysis on citations to articles published in these journals
during the five-year periods 1988–1992 and 1978–1982 are also given. Uncertainties
represent 95% confidence intervals.

nificance of this trend for any particular journal as the methodology used here is not

designed to answer this question. Additionally, the weak residual dependencies on time

observed for some journals in the 1999-2001 cohort are not present for the older cohorts.

This is consistent with the view that citation behaviour may be changing considerably

with time. The parameter α reflects the fact that the probability of gaining a new ci-

tation increases with an increasing number of previous citations. During periods when

it was difficult to know how many citations a particular article had, the preferential

attachment effect was most likely driven purely by local network growth rules, as the

decision to cite a particular article could not have been driven by global information.

Whether the decrease in preferential attachment strength was driven by changes in ci-
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tation strategy, knowledge diffusion, or ease of search is an avenue for future research.

These effects will be difficult to untangle and lead to different conclusions about the

meaning of citations. Perhaps science is becoming more meritocratic in its recognition

of quality work, or maybe increasing numbers of publicity channels may be leading to

greater speed and extent of knowledge diffusion. It is even possible that keyword search

could be leading to citation mechanisms that are starting to weight similarity of content

over quality of content. Note, interestingly, citations to articles in PRL do not display

a change in preferential attachment strength, and therefore may be used as a reference

point for any hypothesis put forward with regard to these changes in citing behaviour.

5.5.2 Obsolescence

The obsolescence-related ageing function is observed to be an exponential function of

time since publication in the long term, as expressed in Eq. (5.2a) and shown in Fig.

5.3. This observation broadly agrees with recent studies of larger scientific-article co-

horts [206,243], although a slightly shorter value for the obsolescence time scale τ is found

in our research-field-specific analysis and some variation of this parameter between the

different fields is also observed (see Table 5.3). In particular, the subfields associated

with PRC and PRD appear to be more slowly changing than those covered by the other

three specialised journals that turn out to have a similarly short obsolescence time as the

multidisciplinary journal PRL. While not fully conclusive because of the overall scale of

uncertainties in the extracted τ values, this observation is consistent with expectations

based on known characteristics of the research fields covered by PRC and PRD, espe-

cially a dependence on the long-term development of large-scale equipment run by very

large consortia of researchers.

Deviations from exponential ageing occur at short times t . 3 years, with more

citations being accumulated per unit time than expected from an extrapolation of the

long-term ageing trend, similar to the excess of citations arriving in a short time period

after grant for some patents (see, for example, Fig. 4.6). The ubiquity of this short-term

enhancement suggests the existence of a common origin related to knowledge-flow dy-

namics, which should be clarified by systematic further studies of the citation-number

dependence of the excess number of citations, as well as possible systematic variations

across different research fields or technology categories. Interestingly, the relative mag-

nitude of the short-term deviation from exponential ageing exhibited by low to medium-
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cited scientific-article cohorts is consistently observed to be larger, by at least a factor

of two, than for the comparable cohorts of patents.

The two older cohorts display much larger characteristic obsolescence times than the

1999–2001 cohort, and don’t exhibit any residual dependence on k. Additionally, both

older cohorts have approximately the same estimated τ values across most journals (with

the exception of PRA). This observation would appear to imply that, after correcting

for the variable numbers of published papers, the most significant changes in ageing

dynamics took place in the 1990’s – the decade that the current modes of information

transmission (e.g. the World Wide Web) took shape.

In addition to the changes in obsolescence rate, small changes in the form of obso-

lescence may also be occurring over the time periods examined. Due to deviations from

exponential decay at short times, the fitting of this decay requires a choice of starting

point t0 > 0. For the 1999–2001 cohort of articles, a good fit is found for t0 = 3 (see

Fig. 5.3), however for the earlier cohorts this is increased to t0 = 4 to accommodate

an increased persistence of the deviation. This may be, however, simply a reflection of

the more slowly decaying obsolescence function found for these cohorts, as these two

time scales are generally found to be linked. This is also consistent with the hypothe-

sis that the nature of knowledge diffusion changes over time, and that the mechanisms

that characterise knowledge diffusion shortly after publication may persist for a longer

time in the earlier cohorts. Some journals in the 1978–82 cohort additionally appear

to exhibit greater than expected citation rates for long times as well as short times,

suggesting that exponential obsolescence may not be the best functional form for this

time period. Due to limited data for this cohort, less parsimonious models are not likely

to provide a better fit (even with a large amount of data, adding one extra parameter

increases parameter uncertainties drastically, see Fig. 4.9), however this may be worth

investigating in more depth in future work.

5.5.3 Evidence for Rate Separation in Citations to Scientific Articles

The present approach is designed to carefully disentangle the mechanisms leading to

PA-driven citation accumulation from the effects of ageing and inflation – a strong

assumption empirically untested in the scientometric literature until this point. As pre-

viously described in Section 4.4, the litmus test for having achieved this goal is provided
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by the absence of residual time dependences in PA-related parameters that have been

extracted from fits of the empirical citation rate. Furthermore, the parameters governing

obsolescence-related ageing should be found to be independent of the number of cita-

tions, as is indeed the case for most journals at most times. The results for PRD can

be seen in Fig. 5.4 for all three article ages, results for the 1999-2001 PRB cohort can

be seen in Fig. 5.5, and results for the 1999-2001 cohorts published in all other journals

can be seen in Figs. 5.6 & 5.7.

To be able to demonstrate the clear separation observed for most cohorts, we needed

to focus our analysis on specific research fields in physics, as defined by the scope of

individual APS journals, and account for citation inflation by a journal-specific scaling

factor. In contrast, previous studies that did not separate articles by research fields

and did not account for citation inflation found significant increases over time in the

extracted values of α [38]. We observe some deviations from full separability of the

empirical citation rate into independent ageing and PA parts for the cases of PRB (see

results presented below and Fig. 5.5), PRL, and PRE, which are all journals that pub-

lish articles from a much broader and more heterogeneous range of physics subfields, and

even from neighboring disciplines such as chemistry and mathematics, than the other

journals. Additionally, these deviations are not observed for the earlier cohorts, which

suggests that these deviations from separability may be due to relatively recent changes

in citation behaviour. Our results suggest, therefore, that the dynamics of knowledge

diffusion and intrinsic obsolescence of knowledge is not only research-field-specific, but

may change significantly between cohorts published at different times.

The most drastic deviation from separability occurs for PRB, the APS journal for

condensed matter and materials physics, for which both α and τ showed residual depen-

dencies on t and k, respectively, as shown in Fig. 5.5. The observed trend of increasing

α as a function of t is slower than, but still of roughly the same order of magnitude as, in

studies where articles were not disaggregated by research field and inflation was not ac-

counted for [38]. The increasing tendency of more highly cited articles to attract further

citations at a higher rate could reflect the greater importance of autocorrelations in the

citation dynamics of the journals displaying this characteristic. For example, ‘sleeping

beauties’ (articles whose importance is not immediately recognised) have been found

to occur at different rates in different fields [221, 244], and are examples of situations

when accounting for autocorrelations become important for the success of a citation rate

model [38]. Alternatively, a greater heterogeneity in terms of research field and stronger
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Figure 5.4: Disentangling preferential-attachment-type growth from ageing in the cita-
tion rate of articles published in PRD in different three time periods. Rows represent
cohorts while columns represent the parameter measurements.
Rows: Parameter estimates for the cohorts of articles published in Top: 1999–2001,
Centre: 1988–1992, Bottom: 1978–1982.
Columns: Left: Obsolescence time τ extracted for each bin of articles with fixed num-
ber of citations k from fitting the citation rate to the form of Eq. (5.2a) for times
t ≥ t0 = 3 years for the 1999–2001 cohort and t ≥ t0 = 4 years for the two earlier
cohorts. Centre: Preferential-attachment exponent α, extracted for fixed times t from
fits of the citation rate to the form of Eq. (5.2b). Right: Constant contribution f0 to
the preferential-attachment part of the citation rate, extracted for fixed times t from fits
to Eq. (5.2b). Circles are fit-parameter values, solid lines their weighted averages, and
black dashed (red dotted) curves show 95% confidence intervals for fit-parameter values
(weighted averages).

multidisciplinary influences from fields outside physics that characterize PRB, PRE, and

PRL could be the cause. Support for this conclusion is also provided by the results in

Section 4.5 where deviations from separability of the empirical citation rate also oc-

curred for the more heterogeneous technology categories. PRB, for example, publishes
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Figure 5.5: Attempting to disentangle preferential-attachment-type growth from ageing
in the citation rate of articles published in PRB in the years 1999–2001. Left: Obso-
lescence time τ extracted for each bin of articles with fixed number of citations k from
fitting the citation rate to the form of Eq. (5.2a) for times t ≥ t0 = 3 years. Centre:
Preferential-attachment exponent α, extracted for fixed times t from fits of the citation
rate to the form of Eq. (5.2b). Right: Constant contribution f0 to the preferential-
attachment part of the citation rate, extracted for fixed times t from fits to Eq. (5.2b).
Circles are fit-parameter values, solid lines their weighted averages, and black dashed
(red dotted) curves show 95% confidence intervals for fit-parameter values (weighted
averages).

large numbers of articles in both experimental and theoretical condensed matter physics;

these two groups may not cite each other often, and may additionally display different

citation dynamics that are unable to be untangled with the available data.

5.6 Conclusions & Outlook

On a qualitative level, it can be surmised that diffusion of knowledge drives the accu-

mulation of citations by articles or patents that report useful new information. The

ability to accurately model the dynamics of knowledge diffusion should be facilitated

by the increased availability of high-quality citation data, if only the additional mecha-

nisms affecting real-world citing behaviour could be reliably identified and accounted for.

Although the obsolescence-induced ageing is accurately described by an exponential

function for intermediate to long times after publication, an excess of citations above

the extrapolated exponential behavior occurs within the first 2-3 (4-5) years after publi-

cation for the articles in the 1999–2001 (1978–82 and 1988–92) cohort(s), with stronger

deviations occurring for articles with smaller number of accrued citations. More sys-

tematic study is needed to determine the origin of these deviations, but their particular
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features may point to the existence of a special knowledge-propagation mechanism or

set of mechanisms that are effective at short times (such as self-citations or co-author

citations), or perhaps latent quality that is only well-captured by citations after a few

years for most articles (see Chapter 6 for an investigation of this latter phenomenon in

the case of patents).

Preferential attachment in the form of Eq. (5.2b) fits the observations very well, and

articles published in most journals at most times display citation growth parameters

that are unchanging with time. The preferential attachment exponent α is consistently

superlinear for all journals at all times, and tends to be larger for earlier cohorts, sug-

gesting that at these earlier times citations were even more important in helping other

researchers find (and subsequently cite) relevant research than they are today. A few

journals in the 1999-2001 cohort (PRB, PRE, and PRL) showed slowly increasing values

of α. The reasons for these systematic variations is not known, however it is noted that

these journals in particular are much more likely to have influence in disciplines that are

not represented by APS publications and, therefore, the internal APS citation data on

which these analyses are conducted are unlikely to capture the true influence of papers

published in particular sub-fields within these journals – this may lead to distorted ci-

tation counts.

As for the previous chapter, many of the methods detailed in this chapter were first

published by the author of this thesis in Ref. [245]. That research examined smaller co-

horts and did not contain any results from the 1978-82 period. The results here remain

qualitatively similar to those described in Ref. [245].

5.6.1 Striking Similarities

Even though the mechanisms and motivations determining citing behavior of academics

and inventors have been identified to be quite different, the results of our present study

turn out to be strikingly similar, both qualitatively and quantitatively, to those found

previously in Chapter 4. In particular, the values of the exponent α characterizing

preferential-attachment-type growth vary over the same basic range of magnitudes be-

tween the different article and patent cohorts published/granted over the same period.

The rate of obsolescence is observed to be slower for the patents compared to that of

the APS-journal articles, whereas the magnitude of the citation-rate excess over the ex-
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trapolated exponential-ageing behavior in the short term is systematically larger for the

cohorts of articles than for the comparable patent cohorts. This last point is consistent

with other recent results; for example, Mariani et al. [246] found that “patents’ citation

dynamics is significantly slower than that of papers”, and that this makes prediction-

related tasks much more challenging for patents than for scientific articles.

Are these similarities surprising? After all, there are major differences in the publi-

cation and citation processes that one would expect to introduce significant differences

between their network growth dynamics. For the moment it will be assumed that, APS

journals being of generally high quality, the articles represented in this chapter have

been judged to meet some form of novelty, usefulness, and/or non-obviousness require-

ments similar to those defined for patents in Section 2.1.1, justifying the existence of

these articles in the dataset and allowing for attention to be turned to the differences in

citation practices (as opposed to publication practices).

The primary difference between the citation of articles and patents is author/inventor

autonomy with regard to these citations. The inventor cites the prior art that they are

aware of but these citations are culled and added to by an examiner in accordance with

the policies of the patent office. The academic, on the other hand, has much more free-

dom in the works they cite, and this results in particular behaviours and norms that

may be expected to leave a kind of signature on the resulting citation network that

differentiates it from not only the patent citation network, but also citation networks in

different fields.

Recent work on the transitive reduction of citation networks [95] (elaborated on in

Section 3.3.1) has shown that these differences certainly exist on the mesoscopic scale –

that is, on a scale where phenomena such as clustering need to be taken into account.

However, the results in this chapter suggest that while these mesoscopic differences are

significant, the global attachment mechanisms appear to be relatively unaffected. The

mechanisms that lead to the preferential attachment effect in the scientific and patent

citation networks are clearly very different (due to the differences in citation practice),

however the parameters that describe the sum of these effects happen to be the same.

There are moderating mechanisms common to both systems that prevent the strength

of these mechanisms from increasing to the point of winner-takes-all, such as knowledge

obsolescence and the distinct and finite domains of research outside which any work is

unlikely to have influence. Both of these mechanisms act to limit the influence of a
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particular piece of knowledge both in time and academic/technological scope. There are

also mechanisms common to both systems that lead to important works generally being

recognised as such, whether or not citations are accrued in proportion to this intrinsic

value. These facts considered, it is perhaps less surprising that global network growth

parameters are similar in both networks: their values likely sit at a kind of equilibrium

point, where the underlying forces that lead to this equilibrium are common to both

networks.

Yet to be discussed is the concept of citations as an indicator of the quality of the cited

document. In the case of scientific citations, much work has been done to determine what

citations are actually indicators of (see, e.g., Refs. [247, 248] for overviews of this field).

Due to citation norms in science, it is difficult to treat citations in isolation as indicators

for measuring the intrinsic quality of scientific work [249], because the motivations behind

citations are not particularly clear for any individual citation. The meaning of patent

citations, however, is much better defined, and this means a notion of quality can be

defined in relation to them. Whether or not one agrees that citations are a good indicator

of quality (however this is defined), it is difficult to argue that citations do not reflect,

however noisily, technological importance (as discussed in Section 2.3.3). The next

chapter will attempt to construct a flexible metric to capture the intrinsic importance of

patents, and then examine the role of this so-called ‘fitness’ in the dynamics of citation

network growth.
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5.7 Additional Figures for Chapter 5
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Figure 5.6: Disentangling preferential-attachment-type growth from ageing in the ci-
tation rate of articles published by the APS from 1999-2001. Rows represent journals
(excluding PRB and PRD, for which the parameter estimates can be seen in Figs. 5.5
and 5.4 respectively) while columns represent the parameter measurements.
Rows: Parameter estimates for the cohorts of articles published in journals PRA (top)
& PRC (bottom).
Columns: Left: Obsolescence time τ extracted for each bin of articles with fixed
number of citations k from fitting the citation rate to the form of Eq. (5.2a) for times
t ≥ t0 = 3 years. Centre: Preferential-attachment exponent α, extracted for fixed times
t from fits of the citation rate to the form of Eq. (5.2b). Right: Constant contribution f0

to the preferential-attachment part of the citation rate, extracted for fixed times t from
fits to Eq. (5.2b). Circles are fit-parameter values, solid lines their weighted averages,
and black dashed (red dotted) curves show 95% confidence intervals for fit-parameter
values (weighted averages).
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Figure 5.7: Disentangling preferential-attachment-type growth from ageing in the ci-
tation rate of articles published by the APS from 1999-2001. Rows represent journals
(excluding PRB and PRD, for which the parameter estimates can be seen in Figs. 5.5
and 5.4 respectively) while columns represent the parameter measurements.
Rows: Parameter estimates for the cohorts of articles published in journals PRE (top)
& PRL (bottom).
Columns: Left: Obsolescence time τ extracted for each bin of articles with fixed
number of citations k from fitting the citation rate to the form of Eq. (5.2a) for times
t ≥ t0 = 3 years. Centre: Preferential-attachment exponent α, extracted for fixed times
t from fits of the citation rate to the form of Eq. (5.2b). Right: Constant contribution f0

to the preferential-attachment part of the citation rate, extracted for fixed times t from
fits to Eq. (5.2b). Circles are fit-parameter values, solid lines their weighted averages,
and black dashed (red dotted) curves show 95% confidence intervals for fit-parameter
values (weighted averages).



Chapter 6

Patent Quality and Network

Growth

6.1 Patent Quality and Fitness in Networks

Significant attention has been given to trying to distinguish the extent to which the

apparently self-reinforcing behavior of popularity is purely a property of the dynamic

system, versus being generated by intrinsic heterogeneity that allows inherently better

agents or products to persistently succeed [22,26,123,125,187,246,250–253]. This is not a

trivial task, however, because oftentimes popularity is the only objective way to measure

how something is valued by society. For example, it would be exceedingly difficult to

judge how popular an anonymous person joining a social networking service will become,

at the time they join. This is mostly to do with a lack of information – generally people

are not subjected to, for example, a personality test as a condition of joining the network.

Patents, on the other hand, are subjected to a kind of personality test before they

are granted: first through the invention and drafting process, then further clarified and

refined through the examination process. By the time it is granted, a patent will contain

an abundance of information about the invention it protects – before it joins the citation

network, a detailed, vetted profile of the patent must be written and subsequently made

public. Furthermore, the special purpose and associated legal ramifications of patent

citations [15, 95, 185] make them particularly suitable for investigating the possible re-

lationship between popularity and any particular qualities that can be extracted from

the associated patent’s profile. This provides an opportunity to study the role of het-

erogeneity in quality or node fitness in growing networks in a way that is simply not

115
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possible for most other real-world networks.

On a phenomenological level, purely preferential-attachment-based models seem to

be able to successfully describe the dynamics of how patents receive forward citations.

However, they are at odds with the general expectation [152, 166] that patents are in-

trinsically heterogeneous in quality, and that citing behavior will, at least in part, be

influenced by this intrinsic heterogeneity across the patent population. In this chapter,

ex-ante measurements of various dimensions of patent quality are extracted from patents

at the time that they join the citation network, and this information is then integrated

into the growing network model described in detail in Chapter 4 in order to understand

the role of intrinsic patent heterogeneity and its interplay with preferential-attachment-

like growth.

6.1.1 Measuring Patent Quality and Value

First, it is important to define what is meant by the terms quality and value in the con-

text of this work. In this chapter, quality is viewed as a multidimensional description of

the inherent characteristics of an invention, while value is something that can in principle

be measured monetarily and may be associated with many different, technology-specific,

aspects of patent quality. Value is mentioned here because this is often what economists

are attempting to capture – a single figure that sums up the utility and demand for a

particular invention that can be easily integrated into economic models. The attempt to

obtain a single figure associated with each patent (to become known as fitness) is also

the goal of this chapter, but with the above definition of quality in mind rather than

monetary value.

Measurements of patent quality and value are of great interest to the economics com-

munity for a variety of reasons, and it is therefore important to give some context to

this existing body of literature and justify the importance of this research today through

two issues that currently motivate work in this field. First, the number of patent ap-

plications (and subsequent grants) has ‘exploded’ [72] over the past 30 years or so, and

it is important to know whether any fraction of this rise is due to a genuine increase

in research activity. After all, the same effect may result from a drop in the size of

the inventive step required for patentability. If this latter scenario were true, it would

place unnecessary financial burden on society due to the high costs of both the operation
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of a government agency and deadweight costs due to inefficient allocation of monopoly

rights that patents carry. Being able to objectively measure patent quality will provide

insight into the truth of these scenarios. Second, patents are often used as a metric by

which to measure innovative output, particularly on the scale of industries, cities, or

countries [254]. It is well known, however, that patents are very heterogeneous in both

value and quality regardless of how these quantities are measured [255,256]. Therefore,

simple patent counts will likely not adequately capture either the true technological out-

put represented by any given set of patents, or the economic impact these technological

outputs have1.

The implications of variable patent quality and value has been studied for many

decades [257], and the first publicly available, quantitative proxies for quality came in

the form of patent citations [61, 89]. Citations have been very well tested as proxies for

the technological impact [30, 89], societal impact [86], and research expenditure [67, 78]

associated with particular inventions. Due to this history, and to their other useful traits

such as availability, well-defined legal meaning, and quantitative nature, citations often

play the role of a yardstick with which to measure the effectiveness of other indicators.

In this chapter, citations constitute the links in the network being explored, and thus

all measurements of quality will eventually be related back to their ability to explain

the citation behaviour observed. The exact combination of quality dimensions that de-

termine patent fitness in this context is, therefore, determined by the aspects of quality

represented by forward citations.

Many of the indicators in the economics literature are ex-post, that is, they are de-

termined after the grant of the patent they are associated with. These indicators are not

useful to this work, for reasons discussed below in Sections 6.1.2 & 6.1.3, however there

is good reason to associate them with quality generally. For example, a patent’s quality

may not be apparent for a number of years after its grant, and if simply obtaining a

measurement of aspects of patent quality at a particular point in time after grant is the

goal, then ex-post indicators can be very useful. However, for the case of static intrinsic

quality as considered in this chapter, it is important to separate the information known

at the time of grant with any new information that arrives after grant; this is discussed

1Heterogeneity in units of observation is a problem encountered in many fields, particularly in the
social sciences where measured outcomes (e.g. unemployment, productivity, or income) are often at-
tributed to characteristics of individuals that may be very difficult to quantify (e.g. socio-economic
background or health).
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further in 6.1.2 & 6.1.3.

Many, if not most, works on the measurement of patent quality pertain to the dimen-

sions that reflect the monetary value of a patent. The most common indicators, therefore,

focus on explicit or implicit signals of patent value from either the firm that the patent is

assigned to (or its shareholders), or competitors of this assignee. Value indicators origi-

nating from the patent owners include any activity that involves significant investment

on the owner’s part, such as patenting in multiple jurisdictions (family size) [84,258,259],

paying maintenance fees to keep the patent in force (renewal) [260–262], paying extra fees

for accelerated examination [263–265], and market-based approaches [67, 78, 266–268].

Among value indicators originating from competitors, the most prevalent are related to

opposition (a post-grant patent validity dispute) [84,269] or simply litigation [79,270,271]

– this is an expensive process for all parties involved and is not worth pursuing over a

worthless patent.

Some research (including many of the works cited above) examines multiple dimen-

sions of patent quality by making use of a number of different indicators [259,272–275].

Eventually, however, these indicators (or combination of indicators) must be validated

against some well-established reference indicator(s) that depends on the quality dimen-

sion of interest, such as monetary value [276] or technological impact [277], or something

more abstract, such as inventive step size [278]. This literature often includes a number

of bibliometric indicators, including some of those listed in Section 6.2, and generally

consists of comparisons of the performance of these indicators in explaining the variance

in the reference indicator(s). This work is extended conceptually in this chapter and

tailored to shine light on the specific network-growth dynamics being investigated in

this thesis. A number of excellent reviews of patent quality measurements are available

elsewhere [272, 279, 280], and the literature relevant to the indicators utilised in this

chapter is included in Section 6.2.

6.1.2 Node Fitness in Growing Networks

Node fitness, in the network-science context, is usually a variable used to capture dif-

ferences in nodes’ intrinsic ability to attract links and is generally not influenced by

dynamic properties of the node, such as degree. In principle, a fitness variable can be

constructed from any quantifiable heterogeneous property, or a number of such prop-

erties, exhibited by individual nodes [281], and it can even be designed to depend on
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the properties of the linking node [123, 281]. In theoretical models of network growth,

node heterogeneity has been introduced by a fitness, or attractiveness, variable η with

distribution ρ(η) so that an individual node i having ki links to other nodes at time t

after its creation gains new links with a rate [191]

λi = ηi Ã(t) f̃(ki) , (6.1)

where Ã(t) and f̃(ki) are the ageing and preferential attachment functions observed once

fitness is accounted for.

A rate of the form given in Eq. (6.1) also describes the situations where growth is only

driven by preferential attachment [1] or purely by fitness [19] as limiting cases. In many

real-world systems, however, it is likely that both preferential attachment and fitness

are working simultaneously to produce the observed distribution of node degrees. This

interplay has been studied in detail theoretically [123, 124, 282], and has been observed

endogenously in real-world networks [125, 187, 282–284]. However, in the context of a

growing network, an empirical determination of node fitness that is exogenous to the

network itself has yet to be done – this would require both a large amount of informa-

tion about the nodes at the time that they join the network, as well as a methodology

that made it possible to associate this information with a measure of network growth in

a way that does not implicate preferential attachment effects. Here we provide such a

framework.

Another approach that has been suggested in the theoretical literature is that of

additive fitness [285]. In Eq. (6.1), fitness acts multiplicatively on the preferential at-

tachment function such that it does not lose relevance as citations increase. On the other

hand, a rate function with an additive fitness of the form

λi = Ã(t) [pf̃(ki) + qηi] , (6.2)

would be able weight the relative importance of preferential attachment and fitness ac-

cording to the parameters p and q (which may be related if model parsimony is desirable).

One attractive feature of such a model that it limits the effect of fitness as citations ac-

crue – this may be appropriate in a system where pure preferential attachment is the

dominant driver of citation growth for documents with many citations, the scientific

citation network may exhibit such a property, for example. The problem with this kind

of model, and with additive models generally, is that η does not have a predetermined
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scale and so it is difficult to interpret the parameters empirically obtained in such a

model other than the limit on the effect of fitness for highly cited documents. In Section

6.3.3, where a multiplicative model is used, it is possible to define η such that its value

for each patent is relative to the value for the average patent; no such sensible definition

is possible for additive models.

A multiplicative analogue of the above approach that is not considered here is one

in which a exponential weighting parameter, γ, is introduced, as in

λi = Ã(t) ηγi f̃(ki)
(1−γ) . (6.3)

This formulation would also have pure preferential attachment (γ = 0) and pure fitness

(γ = 1) as limiting citation growth cases, at the expense of an additional parameter.

However, this parameter will either interact with the strength of the preferential attach-

ment effect (represented by α in previous chapters), or, in the simple case of f(k) = k+f0,

effectively replace it. When both fitness and preferential attachment only describe the

average behaviour of a very noisy system, as is the case in this chapter, it is prudent to

restrict the number of assumptions in, and complexity of, the citation growth model to

prevent over-fitting and misleading results. This has the additional benefit of simplifying

any analytical derivations, such as those presented in Section 6.3.3. For these reasons,

Eq. (6.1) provides a satisfactory starting point for the following analysis.

6.1.3 Patent Quality as Node Fitness

A number of special properties of patents make them ideal candidates to study the effect

of node heterogeneities on network growth dynamics. First, at the time of grant, a lot

of information about the patent is available. Disclosure, after all, is one of the bedrock

principles on the basis of which the modern patent system can function. As this infor-

mation is determined before any fact about the patent are made public,2 and thus falls

into the category of ex-ante (literally “before the event”) information. This is a very

important property, as intrinsic properties (as defined in this chapter) are not dynamic

and are, therefore, defined at grant.

2However, all patent applications filed after November 2000 are made public after 18 months. This
does not affect our cohort except in cases where early pre-grant publication was approved and published,
and the patent subsequently examined and granted, within 12 months of application – likely a very rare
event given an average grant lag of about 2-3 years.
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Second, there exists a substantial lag between the application for a patent and its

eventual grant. When the citation lag is defined as in Section 4.3.1 (the time between

the grant of the cited patent and the application of the citing patent), citations can accu-

mulate before the grant of the cited patent. This occurs when a citing patent is applied

for between the application and grant of the cited patent. The citations obtained during

this period are, therefore, almost exclusively self-citations and examiner citations, be-

cause the cited patent was not public knowledge at the time that the citing patent was

applied for. This allows the use of these citations as indicators of quality that are mostly

unrelated to knowledge diffusion processes (and therefore the pure attention-based pref-

erential attachment processes) that occur once an invention is public knowledge, after

which time inventions receive the vast majority of their citations. Pre-grant citations

can, therefore, be used to judge the relative importance of the ex-ante information listed

on the patent document in determining the effect of intrinsic patent qualities on knowl-

edge diffusion.3 In turn, fitness as constructed in this chapter reflects the properties of

patents that lead to pre-grant citations and, therefore, the aspects of quality that these

properties capture — the question of whether fitness reflects commercial value, techno-

logical quality, social value, or some combination of these is not assessed in detail here

and is an avenue for future work.

Of course, there are various potential dimensions of usefulness for an invention (in-

cluding, but not limited to, technological, economic, and strategic/legal dimensions),

and the number of suggested plausible quality-indicator variables has proliferated in the

economics literature, as illustrated in Section 6.1.1. It is first necessary, therefore, to

choose appropriate variables for the purpose of measuring different aspects of patent

quality, before sensibly combining these variables to obtain a fitness parameter that can

be integrated into a growing network model.

3One limitation of using citations at grant is that, in practice, patents do not all start gaining citations
at the same time, at least in our framework – this effectively introduces a head-start for patents with
longer pendency times, as these patents have a longer period during which to gain pre-grant citations.
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6.2 Ex-Ante Determinants of Patent Quality

To obtain intrinsic (and static) patent fitness values, all variables considered here are

based on ex-ante information – all of the following variables for a particular patent i are

determined at the time of grant and become part of its retrievable official record. The

raw variables on which all of the following are based are available for all patents,4 not

just a subset such as those assigned to publicly traded companies [78], those that have

been licensed for a known price [286], or those that have been publicly auctioned [268].

The discussions below will cover the ways in which each of the variables described may

contribute to our knowledge of the intrinsic quality of any particular patent. At the end

of this Section, Table 6.1 lists all variables described here and their abbreviations for

easy reference.

Ex-post variables have been excluded due to their potentially dynamic nature – the

value of a patent may change depending on events occurring or environments changing

after grant – which results in a chicken-and-egg problem with regard to citations. For

example, it is difficult to know whether there is a causal linkage between the litigation of

a patent (indicating commercial value [79,262,271]) and the patenting of similar inven-

tions (leading to citations) or whether some third factor suddenly renders a particular

invention much more valuable, leading to both litigation and citations. By excluding

all ex-post information, it is possible to avoid these endogeneity problems caused by

simultaneity (the existence of feedback loops that may prevent us from identifying time-

invariant intrinsic qualities).

Variables Related to Backward Citations

Backward citations are the citations a patent makes to related earlier patents and other

sources of knowledge, and therefore contain not only information about the citing patent

for which a fitness value is desired, but also information on the inventions or ideas on

which the patent is dependent on or related to. (See Chapter 2.3.3 for a discussion on the

meaning and utility of backward citations generally). The discussions below will focus

on the many ways in which backward citations, and the information contained therein,

4Some of the constructed variables, however, are not defined for all patents. For example, the average
age of a patent’s backward citations is not defined for a patent with no backward citations.
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may inform us about the quality of the patent making the citations.

From the perspective of the patent owners, the number of backward citations should

be minimized for strategic reasons [15], as this would maximize the technological space

this patent allows them to exploit (see Section 2.3.2). Therefore, one could expect a

large number of backward citations to hurt the invention’s prospects for economic-value

generation. On the other hand, a large number of backward citations could also be an

indicator for a technologically complex invention with large potential value, or equally

plausibly signify a merely incremental inventive step. Empirically, there has generally

been a positive correlation between backward citations and the attractiveness for gaining

forward citations [279]. To be able to better differentiate between the various possible

relationships between backward citations and value estimates, we consider certain sub-

sets and properties of backward citations separately in this work. The following variables

are derived from information about backward citations and attempt to capture many of

these distinct subsets and properties.

Backward citations to patents (BPA) are non-inclusive of self-citations, which consti-

tute their own variable (see below). As only cohorts of USPTO patents are considered in

this work, the variable BPA counts backward citations to patents that were also granted

by the USPTO. The patents included in the analyses conducted in this chapter cite at

least one USPTO patent, which ensures that all variables related to backward citations

have definite values.

Backward self-citations (BSC) are citations to previously granted USPTO patents

owned by the same assignee. These are often interpreted as the result of cumulative

research [87, 287], which in turn is an indicator of a firm’s willingness to invest in R&D

to strengthen their competitive position in a particular technology space [67,288]. It can

be expected that firms do not undertake this kind of research without the expectation

that the technology, or the particular invention, will be valuable in some way. Evidence

for this includes the fact that the number of self-citations is often significantly correlated

with inventor team size – another indicator of firm investment. Inventions that build on

previous work by the same firm may therefore have a larger impact than those that do

not. Conversely, self-citations could also be indicative of an incremental improvement

rather than a technological breakthrough, which may hinder impact [289].

Backward citations to non-patent literature (BNP) are generally to scientific articles.
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The vast majority of these citations originate with the applicant, as part of their duty of

candor, rather than with the examiner [44]. Inventions with a strong scientific grounding,

or those that otherwise build on what could be considered more fundamental research,

may be more likely to be among the first patents granted in a new technological avenue.

This property may lead to an increased likelihood of obtaining forward citations [290].

Backward citations to foreign patents (BFP) cover knowledge disclosed in patents

granted outside the USPTO’s jurisdiction. The vast majority of these citations are

added by the applicant rather than the examiner [44].

The average age of backward citations (BAG) is calculated as the arithmetic mean

of the ages of all the patents cited by a new patent i (including self-citations) at the

latter’s time of application T
(a)
i , with (a) denoting application. This variable can be

indicative of the proximity of the citing patent to the technological frontier [291] be-

cause the fact that a patent mostly cites very recent inventions would generally indicate

that the patented material is cutting-edge. Conversely, a patent that cites mostly older

inventions may be either a late addition to an increasingly obsolete technological field

or part of a generally slow-moving technological field. In any case, it is expected that

technologically influential patents are more likely to cite newer patents [292]. As in

Section 4.3.1, the age of a citation is defined as the time between the grant of the cited

patent and the application of the citing patent: T
(a)
i − T (g)

j , where (g) denotes grant.

To avoid mathematical difficulties, we exclude the relatively small number of patents for

which BAG itself turns out to be negative (1-5% depending on the technology category).

Backward-citations’ pedigree (BCP) is a metric defined for the first time in this work

that is calculated based on the normalized geometric mean of the number of forward

citations accrued by the cited patents listed on a particular patent document at the

latter’s time of application. More specifically, the backward-citations’ pedigree of patent

i that has been applied for at time T
(a)
i is defined as

BCPi =

 Ni∏
j=1

kj
(
T

(a)
i

)〈
k
(
T

(a)
i

)〉
Sj

 1
Ni

, (6.4)

where Ni is the number of patents cited by patent i, and kj
(
T

(a)
i

)
denotes the number

of citations the cited patents j has at T
(a)
i . The citation counts of cited patents j are

normalized by the average number
〈
k
(
T

(a)
i

)〉
Sj

of citations of patents from the same
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CPC Section Sj of patent j granted within the same three-month period. The geomet-

ric, rather than the arithmetic, mean has been adopted because of the high skewness of

citation distributions.

Originality (ORI) is a metric that quantifies the diversity of technologies that a

patent cites. The originality of patent i is defined as [88]

ORIi = 1−
∑
C

(
P

(i)
C

)2
, (6.5)

where P
(i)
C is the proportion of the Ni backward citations from patent i to other patents

going into a given Class C from the CPC system.5 Here the information about all Classes

a cited patent j is categorised into is utilised, rather than just the first listed as was done

in Ref. [88]. Specifically, each cited patent j contributes to P
(i)
C for each one of the N

(cl)
j

classes it is listed under with a value (1/N
(cl)
j ) · (1/Ni). This construction ensures the

relation
∑

C P
(i)
C = 1 and, thus, the reasonability of the definition (6.5) – ORI is limited

to the half-open interval [0, 1). In particular, a patent with ORIi = 0 will have all its

backward citations to patents from one particular class. In contrast, ORIi will be large

when the citations of a given patent are distributed over many CPC Classes. In contrast

to Ref. [88], we use the CPC Classes rather than the technology classes defined in the

NBER patent database [185].

Two idiosyncrasies inherent in the originality variable are, firstly, that it is sensitive

to the classification system being used (a coarse system would skew the originality dis-

tribution towards zero, and vice versa for a highly specific system), and, secondly, that

it is correlated with the number of backward citations (greater number of citations cre-

ates more opportunity for technological diversity in those citations). The CPC system

makes adjusting for the first problem quite straightforward; it is possible to simply tune

the originality distribution by moving up or down the classification hierarchy until a

distribution with reasonable spread is obtained. The second issue is addressed by the

factor analysis (see Section 6.3.1). The remaining variables are unrelated to backward

citations.

5Classes are the second-highest hierarchy level in the CPC, just below Sections.
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Variables Unrelated to Backward Citations

Number of Claims (CDE & CIN) is a common indicator of both technological signifi-

cance and economic value [279], for a number of reasons. First, this metric appears to

be a robust correlate of many measurable dimensions of patent value across all tech-

nology categories (e.g. economic value in surveys [276], probability of litigation [79],

and forward-citation counts [43]). Second, the number of claims varies quite widely, so

bias or error due to discretisation of count data is smaller than for most other available

indicators. Third, the relationships between the number of claims and patent value is

usually seen to be quite transparent — the more claims on a patent, the more legally

and technically broad the patent is, and the more economic and technological impact

the patent could potentially have.

However, it is also possible to restrict patent rights with increasing numbers of claims,

as additional claims may reflect the narrowing of the attributes unique to the invention

in question. For this reason, this metric is split into two variables — independent claims

(CIN) and dependent claims (CDE) [293]. Independent claims are written in broad

terms and serve to delineate the distinct components of an invention and stand on their

own. Dependent claims, on the other hand, generally specify the precise embodiment

of the independent claims such that the scope of each associated independent claim is

well-defined. The separation of claims into these two categories is an attempt to roughly

distinguish the claims that narrow technological breadth from those that broaden it,

and as the total number of claims is simply the sum of the independent and dependent

claims, we can only gain information via this separation. The effect of this separation

turns out to be minimal, with the only consistent difference between the two variables

being that CIN tends to be much more positively correlated with variables that indicate

technological complexity such as the number of figures or the grant lag (both defined

below). Patents must contain at least one independent claim; hence the need to subtract

1 from the total number of independent claims to get CIN.

Class Membership (NCL), which has also been called patent scope [280,294], is simply

a count of how many technology categories a patent has been classified under. It con-

stitutes a measure for technological breadth and has been linked to patent value [294].

For this work, we are using the CPC Classes [295] as the categories, as they represent

a reasonable level of specification. If the categorization levels used for this variable are

too specific (e.g., using CPC Sub-Classes), we may expect the number of classifications
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a patent has to become technology-dependent, and so the explanatory power would

weaken when attempting to detect within-category variation in quality. On the other

hand, if the categories were too broad (e.g., when using the CPC Sections as categories),

very few patents will belong to more than one category and therefore the information

content of this variable would be very limited. As it is a requirement to specify at least

one class for any patent, this variable is defined as NCLi = N
(cl)
i − 1, where N

(cl)
i is the

total number of classes a patent i is listed under.

Grant Lag (LAG) is the length of time between the initial application date and the

eventual grant date of a patent. While a very simple metric, there are many ways in

which this time lag may be relevant to technological influence. Recent work [265,280,296]

suggests that the grant lag is inversely proportional to patent quality, primarily due to

two factors. Firstly, the claims on a patent that is marginal with respect to patentability

and therefore of lower quality may take longer to negotiate and examine. Secondly, in

some jurisdictions, companies have the ability to pay for accelerated examination of their

most valuable patents. This latter phenomenon does not affect the patents in our co-

hort as the accelerated-examination programme at the USPTO was instituted only after

these were granted, however it may affect the aforementioned recent work [265,280,296].

The former point may be relevant for us, but there is also evidence that the number

of claims and number of backward citations are both positively correlated with forward

citations [259], and one would expect that a longer negotiation process would result in

increases in both of these variables.6 Additionally, a longer examination process requires

a greater financial investment on the part of the inventor/assignee because the attorney

spends a longer time negotiating with the examiner during this process. Thus, one would

expect that an extended examination period would only be tolerated if there was some

prospect of return on this investment. A long grant lag may, therefore, reflect a firm’s

confidence in the economic value of an invention, even if the invention is only marginally

patentable. Finally, the complexity of an invention may also affect the length of the

examination period, as the more components an invention has, or knowledge required

to understand its function, the longer it may take to determine its patentability.

The number of inventors (INV) listed on a patent is often used as an indicator of

6Note that even if grant lag correlated with both claims and backward citations (and these both
correlated with forward citations), this does not automatically imply a correlation between grant lag
and forward citations.
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Variable Abbreviation

backward citations to patents BPA

independent claims − 1 CIN

backward self-citations BSC

dependent claims CDE

backward citations to foreign patents BFP

inventor team size − 1 INV

backward citations to non-patent lit. BNP

class membership − 1 NCL

average age of backward citations BAG

originality ORI

backward-citations’ pedigree BCP

grant lag LAG

number of figures FIG

Table 6.1: List of the variables used this chapter as raw measures of intrinsic patent
quality and their abbreviations. The notation v(a) with a = 1, 2, . . . Nv is used to refer
to these variables generally in mathematical formulae in Sections 6.3 onward.

both the technological and economic value of a patent [297]. This is because a large team

of inventors may not only be indicative of the large breadth of experience and technical

expertise that was required to successfully produce the invention, but also reflect the

amount of human resources (and therefore financial resources) the company dedicated

to the project. As at least one inventor must be listed on any patent, we subtract 1 from

the total number of inventors to get the value of INV.

The number of figures (FIG) in a patent could be expected to measure an aspect of

the technological complexity of an invention. This metric does not appear to have been

used in previous research on patent quality.

6.3 Constructing a Fitness Metric

To integrate the quality-indicative variables described in Section 6.2 into a growing net-

work model as described in Eq. (6.1), it is necessary to condense these variables into a

single fitness value for each patent i, ηi. The first step towards this goal is to minimise
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cross-correlations between these variables by reducing them to abstract dimensions of

patent quality such that variables that are indicative of the same kind of quality are

combined. This is primarily to reduce the over-representation of particular qualities.

For example, CIN and CDE represent similar information and so rather than including

both of these variables in the fitness parameter directly, it would be preferable to appro-

priately combine them into a single variable representing some notion of legal strength,

which more accurately represents some distinct aspect of patent fitness. More complex,

however, are variables that may indicate multiple dimensions of patent quality. A large

inventor team, for example, may be indicative of a highly complex invention that requires

the input of knowledge from many disparate domains, while also indicating a large in-

vestment on the part of the assignee. Technological complexity and firm valuation are

not necessarily particularly related to one another, and yet there exists a variable which

may capture both of these dimensions, each of which may independently contribute to

patent fitness.

Factor analysis [298] facilitates this kind of dimensionality reduction. This methodol-

ogy will allow the reasonable combination of the variables listed in Section 6.2 (see Table

6.1) in order to represent their variance using a small number of key quality dimensions,

referred to henceforth as factors.

6.3.1 Dimensionality Reduction

After impact-relevant variables have been identified, an exploratory factor analysis [298]

is conducted. The methodology described here involves the extraction of factors based

on a principal factor analysis (also known as principal axis factoring) [299]. Unlike a

principal component analysis (PCA) [300], extracted latent factors are not assumed to

explain all variance quantified by the covariance matrix,7 only the so-called common vari-

ance (defined in Section 6.3.1). In this work, this assumption implies that the portion

of variance that is unique to any individual variable has minimal influence on forward

citations. The choice of the variables listed in Section 6.2 ensure there are no patent

quality dimensions that are obviously captured primarily by a single variable that is

relatively uncorrelated to all others.

7It was found that PCA tends to overload particular variables in the extracted components due to
this assumption.
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For these reasons, factor analysis is both a more intuitive framework than PCA

for the purposes of capturing the abstract, hidden influences on technological impact,

and a much more flexible framework that can be used as a bedrock on which to build

more complex models of patent value and quality measures, such as confirmatory factor

analysis [301] or structural-equation-based approaches [302]. These methodologies may

provide more insight into particular aspects of patent quality and how they are related;

however, they are not well-suited to obtaining a single fitness value for each patent due

to the inherent inter-relatedness of the resultant quality dimensions.

Sampling Adequacy

In typical factor analysis studies, the commonly reported Kaiser-Meyer-Olkin (KMO)

measure of sampling adequacy [303] is given as an indicator of factorial simplicity of a

particular variable or set of variables. For any individual variable, this measure is max-

imized when it has a non-zero loading on only one factor. The KMO is then averaged

over all variables as a way of measuring this simplicity. Hence, it is a way to quantify

how useful particular variables are in determining the meaning of extracted factors, and

therefore how useful a factor analysis may be in unravelling the correlational structure

of a set of variables – if the goal is to interpret the resultant factors.

The KMO values for the set of variables listed in Section 6.2 is between 0.62 and 0.68

for each of the patent cohorts. KMO values of this magnitude indicate that only large or

consistent differences between factors and technology categories should be taken seriously

for any statistically relevant interpretation [303]. The KMO values are quoted here

only for general information, as finding and interpreting the latent factors influencing

the chosen variables is not the primary goal of this work. Instead, factor analysis is

used only as a tool to reduce cross-correlations between variables that determine the

fitness variable for citation-network growth. Thus, for our purposes, the KMO values

are actually not relevant.

Transformation of Variables

Before factor analysis, most variables are log-transformed and normalised. Applying

the log-transformation is motivated by the observation that the variables chosen in Sec-

tion 6.2 are generally close to being log-normally distributed like many performance-

indicator-type quantities from various fields [138, 187, 304, 305]. This reflects the de-
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creasing marginal relevance of changes in these variables with respect to technological

impact; e.g., an increase from 1 independent claim to 2 independent claims will generally

represent a larger change in impact than an increase from 10 to 11 independent claims.

The log-transformation also reduces the effect of extreme values in these variables.

The variables CIN, INV, and NCL are defined by subtracting 1 from the patent

characteristics they represent, as they all have a minimum value of 1. This means all

variables listed in Table 6.1 have a minimum value of 0. After the log-transformation,

all variables are then shifted such that their mean is zero, then scaled such that their

standard deviation is unity. This removes from the analysis any bias introduced by

differences in scale between these variables. The variable ORI is already approximately

normally distributed and therefore does not require a log-transformation, however it is

still shifted and scaled as usual. The variables on which the factor analysis is conducted

are therefore defined

v̄(a) =


[
ln(1 + v(a))− µln(1+v(a))

]
/σln(1+v(a)) for all variables except ORI,[

v(a) − µv(a)
]
/σv(a) for ORI,

(6.6)

where µx and σx represent the mean and standard deviation of x respectively.

Factor Extraction

Factor analysis is underpinned by the assumption that the Nv = 13 variables v(a) chosen

and transformed as described above are comprised of two distinct components: one

common component that originates from Nu latent variables, or factors, u(b) that can

influence multiple observable variables; and a unique component which is due to external

factors affecting each component independently. That is, we can express our observed

variables as v̄, an Nv × 1 column vector, as the linear combination

v̄ = Λu + q , (6.7)

where Λ is an Nv ×Nu matrix of weights that specifies the composition of the common

component of the observed variables in terms of Nu factors contained in vector u, while

the length-Nv vector q specifies the unique component of v̄. Eq. (6.7) is sometimes

referred to as the ‘Fundamental Equation of Factor Analysis’ [298].
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We can now express the covariance structure of the observed variables in terms of

the proposed composition in Equation 6.7 as

E(v̄v̄T ) = E[(Λu + q)(Λu + q)T ]

= ΛE(uuT )ΛT + ΛE(uqT ) + E(quT )ΛT + E(qqT ) . (6.8)

At this point, correlational assumptions need to be specified. The first is that the com-

mon factors are mutually uncorrelated and have unit variance such that E(uuT ) = INu ,

where INu is the Nu ×Nu identity matrix. The second is that the common factors are

uncorrelated with the unique factors, E(uqT ) = E([quT ]T ) = 0. Lastly, the unique

factors are mutually uncorrelated such that we can express E(qqT ) = Ψ as a diago-

nal matrix with non-zero entries ψ2
aa representing the unique variance associated with

observed variable v̄(a). We can now simplify Eq. (6.8) to obtain

E(v̄v̄T ) = Σ = ΛΛT + Ψ , (6.9)

where Σ is the covariance matrix of the set of variables v̄. Eq. (6.9) is sometimes referred

to as the ‘Fundamental Theorem of Factor Analysis’ [298].

From this point, the factor extraction process is an eigendecomposition of the covari-

ance matrix representing the common components, or communalities, of the observed

variables, ΛΛT . However, this calculation first requires an estimate of Ψ, denoted Ψ̂. It

can be shown that the multiple squared correlation coefficient for variable v̄(a) with all

other Nv − 1 observed variables gives a lower bound on the true value [306,307], and so

this is used as a conservative estimate for ψ2
aa. This value is equal to

ψ̂2
aa = cTaR

−1ca (6.10)

where ci is the column vector of correlations between v̄(a) and each of the other Nv − 1

observed variables, and R is the correlation matrix for the Nv − 1 variables excluding

v̄(a). The eigendecomposition is then conducted on the modified covariance matrix Σ−Ψ̂,

whereupon Nv eigenvalue-eigenvector pairs are extracted.
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Selection of Factors

Factor analysis involves the eigendecomposition of a modified covariance matrix of the

input variables, and therefore produces the same number of factors as variables (assum-

ing there are no repeated eigenvalues – an exceedingly unlikely event when dealing with

real-world data). It is necessary, therefore, to discard factors corresponding to dimen-

sions that explain very little of the variance in the data, according to some criterion. It

is generally advised that the selection of the principal factors should be done by Horn’s

parallel analysis [308]. With a finite number of observations, the largest extracted eigen-

value from a factor analysis on a random matrix will always be greater than zero, and

the smallest will always be less than zero – if one were to select an eigenvalue of zero

as the threshold for choosing which factors to keep, there will always be some factors

that would be deemed to contain sufficient information to retain, even if the data is

completely random. Horn’s parallel analysis [308] method accounts for this by running

a Monte-Carlo simulation to find the expected eigenvalues for a randomly generated

dataset with the same number of variables and observations, after which a factor is re-

tained if its eigenvalue is larger than that of the same rank found for the random data.

However, for a large amount of data such as the patent cohorts analysed here, Horn’s

parallel analysis produces eigenvalues which are all very close to zero, such that it is not

distinguishable from a threshold of zero, commonly known as the Kaiser criterion [309].

Hence, in practice, the Kaiser criterion is used to reduce computation time but the re-

sults are identical to those obtained using Horn’s parallel analysis.

After discarding eigenvectors with negative eigenvalues, the Nu retained eigenvectors

are arranged into columns by descending order of their associated eigenvalues to yield

the Nv ×Nu matrix Λ. These vectors are indexed in this order and define the length of

the column vector of factors u as well their association with each of the columns in Λ.

Factor Rotation

After factors with small eigenvalues have been excluded, it is possible to rotate the re-

maining factors in this lower-dimensional factor space to make them more interpretable.

The goal of the analysis conducted in this chapter is not to produce interpretable factor

loadings, but applying a transformation that rotates the factors while retaining orthog-

onality does not reduce the information content of the factors and may better inform us

about the nature of the dimensions they represent. This process will provide a glimpse
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into the kind of insights that are possible should the goal of such research be obtaining

(potentially interacting) patent quality dimensions that reflect reality as closely as pos-

sible.

Generally, an oblique rotation (one that does not require the factors to remain uncor-

related) is advised for factor rotation as it is likely that the real-world latent factors are,

in fact, correlated, and enforcing orthogonality may introduce unwanted artefacts [298].

The reason orthogonality is enforced is because interpreting the resulting factors is not

our primary goal. Instead, factor analysis is used to minimise collinearity between our

quality-indicator variables.

As there are fewer factors than observed variables (when Nu < Nv) the linear model

in Eq. (6.7) is not identifiable; that is, there are an infinite number of matrices Λ that

will satisfy Eq. (6.7). We may select an orthonormal transformation matrix T such that

Λu = Λ(TT T )u = (ΛT )(T Tu) (6.11)

also satisfies Eq. (6.7). Therefore, we can construct a matrix T to optimise the inter-

pretability of the factor loading matrix using some constraint that captures whatever

notion of interpretability we require. The most common constraint in the orthonormal

case is called the Varimax Criterion, which aims to maximise the sum of the variances

of the squares of entries in each column of ΛT , and in practice acts to reduce the num-

ber of high factor loadings while increasing the number of near-zero loadings – thereby

simplifying the factor loadings and facilitating their interpretation. Therefore, we must

find the transformation T that maximises the objective function

φ =
∑
b

Nv
∑

a(λ
2
ab/h

2
a)

2 − (
∑

a(λ
2
ab/h

2
a))

2

N2
v

, (6.12)

where a and b correspond to the rows and columns of Λ respectively, λab corresponds to

the entry of Λ in row a and column b, and h2
a = 1 − ψ2

aa is the communality (the non-

unique component) of v̄(a). Weighting this optimisation procedure with communalities

removes bias towards variables with large communalities (or low uniqueness) [310], which

is important as communalities largely depend on the choice of variables on which we con-

duct the factor analysis. In practice, this weighting is done before rotation and reweight-

ing done after rotation, such that there is no permanent changes in vector lengths. This

transformation yields the new factor loadings Λ̃ = ΛT and factors ũ = T Tu.
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Factor Scoring

In order to construct a fitness metric for each patent, we need to calculate a factor score

for each factor and every patent. For example, if u(1) has a large loading on independent

claims, then we may expect a patent with many independent claims to have a relatively

large u(1) score. While we have estimated the variances of the unique components q, we

do not know what fraction of the observed variables the unique component makes up for

any individual patent. Therefore, we need to obtain the value of Nu factor scores using

Nv variables, however those Nv variables are the linear combination of Nu latent factors

and Nv unique factors (see Eq. (6.7)). This is the so-called indeterminacy problem of

factor scoring. As there is no unique way to separate Nv variables into Nv +Nu factors

given only their variances, we are only able to estimate the linear combinations Λ̃ũ for

each patent. The most common way to do this is to minimise the squared expected pre-

diction error between the estimated scores and the extracted factors, given the empirical

data – a regression.

First, we define the bth estimated factor u(b)∗ to be a linear combination of the

observed variables with some to-be-determined Nv × 1 weight vector db, u
(b)∗ = v̄Tdb =

dTb v̄. Then, we minimise the objective function E([u(b)∗ − ũ(b)]2) with respect to db,

calculating

∇db
E([u(b)∗ − ũ(b)]2) = ∇db

E([v̄Tdb − ũ(b)]2)

= 2[E(v̄v̄T )db − E(ũ(b)v̄)] . (6.13)

We recognise E(v̄v̄T ) = Σ (the covariance matrix of the input variables) and E(u(b)v̄) =

Λ̃b where Λ̃b is the bth column of Λ̃. Setting Eq. (6.13) equal to zero and rearranging,

we get

db = Σ−1Λ̃b (6.14)

which leads to

u(b)∗ = (Σ−1Λ̃b)
T v̄ = Λ̃Tb Σ−1v̄ . (6.15)

This can then be generalised to the Nu × 1 vector of factors as
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u∗ = Λ̃TΣ−1v̄ = L(b)
a v̄ , (6.16)

which gives us the regression or Thomson estimates for the individual factor scores [311,

312], from which we can construct a fitness metric as described in the following Sections.

The loading matrices L
(b)
a for each of the CPC technology categories examined in this

chapter are shown in graphic form in Figs. 6.1-6.4. Note, categories D (Textiles) and

E (Fixed Constructions) are not analysed here due to an insufficient number of patents

available to produce interpretable parameter estimates once fitness is integrated into the

dynamic citation accrual model.

6.3.2 Fitness Metric Composition

Performing the factor analysis described in the Section 6.3.1 has yielded the predicted

factors u(b)∗ as the minimally correlated superpositions of the normalized patent-quality

indicator variables v̄(a). These quality factors will now be used to gain a proxy mea-

sure for the unobserved fitness variable η that quantifies the intrinsic attractiveness for

patents to be cited.

To this end, we determine the weights wb of these factors in their combination that

is most highly correlated with citation growth at early times by running a forward-

stepwise ordinary least squares regression on a randomly selected small training dataset

with the Bayes Information Criterion (BIC) [313] as our test statistic and the log of the

(mean-scaled) citations at grant as the dependent variable.8 This choice of dependent

variable is discussed in Section 6.1.3. In order to put all factors on equal footing in this

regression, they are rescaled to have unit standard deviation, ū(b) = u(b)∗/σb, where σb

is the standard deviation of u(b)∗.

Patents in the training dataset are randomly selected and comprise about 10% of

each technology-specific cohort (8,000-10,000 patents). The stepwise regression then

yields coefficients that comprise the weights wb measuring the variances in the training

dataset associated with each of the retained factors ū(b). The specific way in which we

8Note that, for our purposes, the ability to plausibly exclude citation-mediated knowledge diffusion
by choosing to use citations at grant justifies adopting this procedure even though it may bias the model
towards patent qualities influencing the citing behavior of examiners and self-citations by inventors.
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combine these to construct a single fitness value for each patent is detailed in Section

6.3.3. As the training dataset comprises only 10% of patents from any given cohort, and

the dependent variable is determined by the citation count at only one point in time,

this procedure does not preordain the functioning of our approximation for the citation-

related fitness parameter across the entire cohort or for the entire ten-year time period

for which forward-citation accrual is analyzed. However, using the log of citation counts

at a later time as the dependent variable in the weight-determining regression for the

given set of chosen factors does not yield significantly different results (it does, however,

result in slightly different weights wb). To check the information loss due to the factor

analysis process (lost first when factors with eigenvalues less than zero were discarded,

and second in the stepwise regression), Table 6.2 lists the fraction r2 of variability in

the dependent variable (the log of citation counts for patents from a given cohort at a

given time t after their time of grant) explained by all of the normalized quality-indicator

variables v̄(a), alongside the proportion r2
u/r

2 of the explained variability retained in the

given set of selected factors.9 The factors are able to adequately represent the total vari-

ability in citation counts associated with the quality-indicator variables known at time of

grant, with the goodness of fit r2
u/r

2 generally decreasing only slightly for later t. In the

cases where r2 is seen to increase with t, this most likely reflects a reduction of granular-

ity in the data by the increased spread of citation counts among patents in these cohorts.

Figs. 6.1-6.4 show both the results of the factor analysis and the factor weighting from

the stepwise regression, obtained for all technology-specific cohorts of patents granted

during 1999-2001. Note that, due to this stepwise nature of the regression, some factors

never add enough information (as measured by the BIC) to be included in the fitness

metric. We furthermore adopt the convention where wb ≥ 0 by absorbing the sign of

the regression coefficients into the definition of the factors ū(b) in terms of the variables

v̄(a). This fixes the sign of the loadings L
(b)
a shown in Figs. 6.1-6.4. While interpreting

these results is not the goal of this analysis, the relative independence of each factor in

terms of their high-loading variables, as well as the significant reduction in dimensional-

ity, indicates that the factor analysis has produced sensible composite variables: claims

of both types (CIN and CDE) consistently load on the same factor, as do indicators

of technological scope (NCL and ORI), reliance on established technology (BPA and

9The value r2 represents the maximum possible multiple correlation coefficient obtainable using the
information contained in these variable, and, therefore, is an upper limit on the goodness-of-fit that is
possible when only using the retained factors, r2u.
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t (yr) Section A B C F G H Y

0
r2 0.17 0.14 0.13 0.08 0.27 0.27 0.22

r2
u/r

2 0.95 0.92 0.87 0.93 0.91 0.93 0.96

5
r2 0.26 0.20 0.19 0.15 0.29 0.26 0.26

r2
u/r

2 0.94 0.87 0.87 0.86 0.84 0.86 0.94

10
r2 0.28 0.20 0.19 0.16 0.29 0.25 0.26

r2
u/r

2 0.94 0.87 0.87 0.84 0.82 0.85 0.93

Table 6.2: Fraction r2 of variability explained by the variables v̄(a) in the log of citation
counts accrued by time t after their time of grant by USPTO patents from indicated
CPC Sections granted during 1999-2001, and the proportion r2

u/r
2 of this explained

variability that is able to be captured by the set of factors ū(b) chosen via the stepwise
regression.

BAG), and firm investment (BFP, BSC, and INV).
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Figure 6.1: Factor loadings L
(b)
a obtained from the exploratory factor analyses (left) and

fitness composition weights wb obtained from the stepwise regression (right) performed
on patent-quality indicator variables for cohorts of patents granted during 1999-2001
within the specified CPC Sections A & B. The order of factors from left to right in
each panel corresponds to the order of decreasing eigenvalues associated with each of
the factors. Note that fewer factors appear in the right panels than the left panels, as
some factors are dropped in the stepwise regression process.
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Figure 6.2: Factor loadings L
(b)
a obtained from the exploratory factor analyses (left) and

fitness composition weights wb obtained from the stepwise regression (right) performed
on patent-quality indicator variables for cohorts of patents granted during 1999-2001
within the specified CPC Sections C & F. The order of factors from left to right in
each panel corresponds to the order of decreasing eigenvalues associated with each of
the factors. Note that fewer factors appear in the right panels than the left panels, as
some factors are dropped in the stepwise regression process.
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Figure 6.3: Factor loadings L
(b)
a obtained from the exploratory factor analyses (left) and

fitness composition weights wb obtained from the stepwise regression (right) performed
on patent-quality indicator variables for cohorts of patents granted during 1999-2001
within the specified CPC Sections G & H. The order of factors from left to right in
each panel corresponds to the order of decreasing eigenvalues associated with each of
the factors. Note that fewer factors appear in the right panels than the left panels, as
some factors are dropped in the stepwise regression process.
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Figure 6.4: Factor loadings L
(b)
a obtained from the exploratory factor analyses (left) and

fitness composition weights wb obtained from the stepwise regression (right) performed
on patent-quality indicator variables for the cohort of patents granted during 1999-2001
within CPC Section Y. The order of factors from left to right in each panel corresponds
to the order of decreasing eigenvalues associated with each of the factors. Note that
fewer factors appear in the right panels than the left panels, as some factors are dropped
in the stepwise regression process.

6.3.3 Calibration of Fitness Distribution

Once the composition of the fitness metric η is determined through the process detailed

in Section 6.3.2, the shape and scale of the final fitness distribution ρ(η) must be deter-

mined – these properties are not trivially determined, as there exist model restrictions

and real-world considerations that need to be built into the final fitness values. For

example, fitnesses are strictly positive, as they enter the rate function (Eq. (6.1)) multi-

plicatively in our model. Therefore, a normal distribution centred on zero is not feasible

– patents cannot lose citations. Additionally, there exists a question about the width of

the fitness distribution: how do we determine the size of the fitness differences between

poor, average, and high quality patents? What follows is a novel methodology that aims

to answer this question.

By construction, the linear superposition of relevant factors ū(b) with weights wb as

coefficients will be a normally distributed quantity having zero mean and variance given

by
∑Nu

b=1w
2
b . However, motivated by empirical observations that have generally found

citations and rates of citation to be log-normally distributed [193], the distribution ρ(η)
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of fitnesses will be assumed to be log-normal also. This choice allows for a skewed fitness

distribution with strictly positive support (the distribution is defined for η > 0), and is a

simple transformation from the normally distributed factors (or any linear combination

of factors). Additionally, for conceptual simplicity, it is possible to fix the mean value of

the the fitness, µη ≡ 1, which implies µln(η) = −σ2
ln(η)/2. Thus the only free parameter

characterizing the log-normal distribution of fitnesses is the standard deviation σln(η).

This simplification has the additional benefit of having the limit ρ(η) → δ(η − 1) as

σln(η) → 0, where δ(·) is the Dirac-δ function, which corresponds to network growth

with no fitness as explored in Chapter 4.

To determine σln(η), and thus characterise the shape of the entire fitness distribution,

it is possible to examine the number of uncited patents. Intuitively, if all patents with

zero accrued citations (at some time t) had the same chance of being cited, then for small

times the proportion of patents with zero citations, n(0, t), would decay exponentially

(see Eqs. (3.20) & (3.21) in Chapter 3). If fitness were introduced, those patents with

large fitnesses would likely gain their first citation very quickly, while most patents would

have small fitnesses and exhibit a much slower rate of first citations. The exact shape

of n(0, t) can, therefore, inform the width of the fitness distribution by measurement of

the deviation from the exponential decay at small times associated with no fitness.

The fraction nη(0, t) of uncited patents with fixed fitness η in some cohort satisfies

the Master equation [157]

dnη(0, t)

dt
= −λ(0, t)nη(0, t) . (6.17)

Assuming the citation rate to be of the form λ(k, t) = η Ã(t) f̃(k), we find [157]

nη(0, t) = exp

{
−η f̃(0)

∫ t

0
dt′ Ã(t′)

}
. (6.18)

For a cohort where patents with fitness η are distributed according to the distribution

ρ(η),

n(0, t) ≡
∫
dη ρ(η) nη(0, t)

=

∫
dη ρ(η) exp

{
−η f̃(0)

∫ t

0
dt′ Ã(t′)

}
. (6.19)
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Expanding the exponential on the right hand side of this expression yields

n(0, t) =
∞∑
m=0

E[ηm]

m!

{
−f̃(0)

∫ t

0
dt′ Ã(t′)

}m
(6.20)

in terms of the moments E[ηm] of the fitness distribution ρ(η). For our particular case

of interest, we have ρ(η) = Lognormal(−σ2
ln(η)/2, σ

2
ln(η)) and thus obtain

n(0, t) =
∞∑
m=0

exp
{
m(m−1)

2 σ2
ln(η)

}
m!

[
−f̃(0)

∫ t

0
dt′ Ã(t′)

]m
. (6.21)

Focusing on the time evolution of uncited patents has the advantage that it is in-

sensitive to the actual k dependence of f̃(k). For any sufficiently well-behaved ageing

function Ã(t), Eq. (6.21) can be calculated and compared with empirical data. However,

for our purposes, we do not want to prejudice the estimate for the fitness variable by

any ad-hoc assumption about ageing. We therefore consider the short-time limit where

Ã(t) ≈ Ã(0) and, hence, Eq. (6.21) provides the Taylor expansion for n(0, t) in the

variable t with only two independent parameters: Ã(0)f̃(0) and σ2
ln(η). After taking the

logarithm, this expansion yields, up to the second order,

lnn(0, t) ≈ −Ã(0)f̃(0) t+
1

2

(
exp

{
σ2

ln(η)

}
− 1
) [
Ã(0)f̃(0) t

]2
, (6.22)

which could ideally be fitted to the citation data and yield empirical values for both

σln(η) and the product Ã(0)f̃(0) for each of the patent cohorts considered here. The

former is exactly the value required to calibrate the width of the fitness distribution,

while the latter can be used to cross-check the adequacy of the functional forms for Ã(t)

and f̃(k) obtained in Section 6.4 from the empirically observed citation rate.

In practice, the fact that patents generally already acquire examiner citations and

self-citations before the time of grant means that n(0, 0) < 1 and, hence, a more subtle

approach is needed to conduct these measurements. In fact, the t = 0 point as used

in previous chapters (and below in Section 6.4) is almost arbitrary, apart from being

the time at which the patent is made public. It will not suffice as the point at which

patents start gaining citations for the above calculation. Fig. 6.5 illustrates the typically

observed time evolution of n(0, t). The rate at which patents accrue their first citation,

and the rate at which n(0, t) concomitantly decreases, is initially slow. A marked increase

in the rate is observed for t0 . t < t∗, after which the decrease of n(0, t) slows again.

Finding the slope T−1 at the inflection point t∗ that separates the regions of accelerated
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Figure 6.5: Log-linear plot of the fraction n(0, t) of uncited USPTO patents assigned to
CPC Section A with grant date during 1999-2001 as a function of time t measured from
each individual patent’s time of grant. The approximation nfit(0, t) given in Eq. (6.23)
obtained from fitting the line shape of n(0, t) around the inflection point at t = t∗ is used
to extract the standard deviation σln(η) of the log of fitness. The time t0 is determined
via the extrapolation nfit(0, t0) ≡ 1.

and later slowed decrease in the observed n(0, t) and fitting the n(0, t) curve to quadratic

order in the vicinity of t∗ yields the approximation

nfit(0, t) = exp
{
− t− t0

t̄
Θ(t− t0) +

ε

2

(t− t∗)2

t̄2
Θ(t− t∗)

}
, (6.23)

where ε and t̄ are fitting parameters.

Motivated by the theoretical result for the short-time limit of n(0, t) given in Eq.

(6.22), it is possible to identify t̄ ≡ 1/[Ã(0)f̃(0)] and ε = exp{σ2
ln(η)} − 1. The parame-

ters Ã(0)f̃(0) and σln(η) obtained from these fits are listed for each technology-specific

cohort in Table 6.3. The fact that t∗ turns out to be within 2–6 months from the date

of grant indicates that the thus-determined σln(η) appropriately reflects the short-time

behavior considered in the idealized model leading to Eq. (6.22).

Combining all of the information obtained from the factor analysis, the stepwise

regression, and the fitness width calibration, it becomes possible to sensibly estimate
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fitness values for every patent (for which all variables v̄(a) are defined) in each of the

technology-specific cohorts. For patent i, therefore, the estimated intrinsic fitness is

calculated via

ηi = exp

−σ2
ln(η)

2
+

σln(η)√∑Nu
b=1w

2
b

Nu∑
b=1

wb

Nv∑
a=1

L(b)
a v̄

(a)
i

 . (6.24)

The first term in the parentheses is to ensure the mean fitness value µη ≡ 1, while the

second term, from right to left, applies the Thomson regression scores from the factor

analysis to each patent, applies the weights wb associated with each retained factor in

the stepwise regression, and finally scales the fitness width to σln(η) as calculated via Eq.

(6.23). The resulting (normally distributed) values are then exponentiated to obtain

log-normally distributed fitnesses ηi. The next sections will incorporate these fitnesses

into the rate-function measurements in order to observe their effect on network growth.

6.4 Integration of Fitness into a Growing Network Model

Now that fitness values have been obtained for all patents in each of the cohorts, these

need to be integrated into the network growth measurements. As stated in Eq. (6.1),

fitness enters the citation rate multiplicatively. To determine Ã(t) and f̃(k), therefore,

the change ∆ki(t+ ∆t) of inflation-adjusted citations received by patent i over the time

interval (t, t+∆t] is divided by the fitness ηi estimated for that patent. As for Chapters 4

& 5, the data for [∆ki(t+∆t)/ηi]/∆t (corresponding to the fitness-controlled citation rate

λi/ηi) are still best fitted when the ageing function Ã(t) and the preferential-attachment

kernel f̃(k) take the respective forms

Ã(t) = Ã0 exp

(
− t
τ̃

)
, (6.25a)

f̃(k) = kα̃ + f̃0 , (6.25b)

see Fig. 6.6. As usual, the dependency on accrued citations k (time t) is fitted to the

averages [∆ki(t+ ∆t)/ηi]/∆t over patents in the fixed-t (fixed-k) bins using a weighted

non-linear logarithmic regression with ∆t = 3 months. By dividing the citation rate

by the fitness values for each patent, the functional form fit to the data is exactly the

same as in Chapter 4. However, fitness could enter the model explicitly and we would
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Figure 6.6: Residual preferential attachment and obsolescence-induced ageing in the
fitness-controlled citation rate of patents from CPC Section A granted during 1999-
2001. Left (Right) panel shows fits of preferential-attachment kernels for t = 5 years
(exponential-ageing functions for k = 7) to both the fitness-controlled citation rate
λi/ηi ≡ [∆ki(t+∆t)/ηi]/∆t (data points indicated by triangles) and the uncontrolled-for-
fitness average citation rate λ̄i ≡ ∆ki(t+ ∆t)/∆t (data points indicated by circles). The
inclusion of fitness into the model flattens both preferential attachment and obsolescence
curves, which for the former indicates a weaker preferential attachment effect, while for
the latter indicates a smaller decay rate. This is achieved without sacrificing goodness
of fit, and in the case of obsolescence, improves it.

obtain the same results – ηi are determined before any modelling of the rate function is

conducted.

After this process, these results can be compared to those obtained with the same

set of patents but without the rate correction. That is, we can compare the fitting pa-

rameters obtained above with those obtained when we fit the functional forms shown in

Eqs. (6.25a) & (6.25b) to the rate averages [∆ki(t+ ∆t)]/∆t, where these are not first

divided by patent fitness. This is almost identical to the analysis in Chapter 4, except

the patents with undefined fitness and those in the training set have been removed such

that it is possible to directly compare these results with the fitness controlled results.

Both sets of analyses include the same citation-inflation procedure as for Chapter 4 (this

is done before the removal of any patents from the cohorts and thus the citation values

illustrated in Fig. 4.3 in Chapter 4 are still accurate).
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Figure 6.7: Parameters resulting from the measurement of ageing and preferential-
attachment-type growth in the fitness-controlled citation rate of patents from CPC Sec-
tion A granted during 1999-2001. Left: Obsolescence time τ extracted for each bin
of patents with fixed number of citations k from fitting the fitness-controlled citation
rate to the form of Eq. (6.25a) for times t ≥ t0 = 2 years. Centre: Preferential-
attachment exponent α, extracted for fixed times t from fits of the fitness-controlled
citation rate to the form of Eq. (6.25b). Right: Constant contribution f0 to the
preferential-attachment part of the fitness-controlled citation rate, extracted for fixed
times t from fits to Eq. (6.25b). Circles are fit-parameter values, solid lines their
weighted averages, and black dashed (red dotted) curves show 95% confidence intervals
for fit-parameter values (weighted averages).

6.4.1 Consequences for the Preferential Attachment Strength

As shown in Table 6.3, the exponent α̃0 extracted from citations immediately after time

of grant is found to be much smaller than when fitness is not controlled for, suggesting

that a portion of the observed preferential attachment is due to heterogeneous fitness,

as shown in Figures 6.7 & 6.8. Even in the long-time limit, the fitness estimated via

quality indicators available at the time of grant still accounts for a sizeable reduction by

about 20-30% in the exponent α governing preferential attachment in the uncontrolled-

for-fitness average citation rate. The preferential attachment exponent at long times,

t ≥ 6.5 years,10 will henceforth be referred to as α̃∞.

Additionally, the average fitness for patents having k citations at time t after grant

is given by η̄(k, t) ≡ λ̄(k, t)/[Ã(t)f̃(k)] and constitutes a direct measure for the fitness-

explained fraction of the average citation rate λ̄. The results of our empirical analysis

imply that

η̄(k, t)→ kα + f0

kα̃∞ + f̃0

A0

Ã0

exp

{
τ − τ̃
τ τ̃

t

}
(6.26)

106.5 years was chosen as this constitutes the last third of the measurements, a period where all
technology categories displayed constant values of α̃.
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in the long-time limit. Thus η̄(k, t) ∝ kα−α̃∞ for patents having a citation count ex-

ceeding the average in the long-time limit. The fact that α > α̃∞ implies that the most

highly cited patents will be associated with, and therefore detectable by, high values for

the ex-ante-determined fitness variable constructed in this chapter.
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Figure 6.8: Comparison of preferential-attachment exponents α̃ (top) and obsolescence
times τ̃ (bottom) found for the fitness-controlled citation rate λi/ηi (cf. Eq. (6.1) in con-
junction with Eqs. 6.25a and 6.25b) with α and τ extracted from fitting the uncontrolled-
for-fitness average citation rate λ̄i ≡ (kαi + f0)A0 exp{−t/τ} as described in Section 6.4.
As the exponent α̃ obtained from fits of Eq. (6.25b) to patent cohorts with fixed age t
saturates only at later times (see Fig. 6.7), both the saturation value α̃∞ (the weighted
average of the latest third among the extracted values for α̃) and the value α̃0 for t = 0
(corresponding to the time of grant) are shown. The time τ̃ is the weighted average of
obsolescence times extracted for the fixed-k bins as shown in Figures 6.7, 6.10, & 6.11.
The full results for all parameters estimated over the course of this chapter can be found
in Table 6.3.
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Figure 6.9: Empirically extracted ageing functions typically show the behavior illustrated
in Fig. 6.6. Deviations of the kind shown here occur sporadically, and mostly for the
large-k bins where statistical accuracy is limited due to the relatively small numbers of
patents in them. Shown here are fits of exponential-ageing functions to both the fitness-
controlled citation rate λi/ηi ≡ [∆ki(t+ ∆t)/ηi]/∆t (data points indicated by triangles)
and the uncontrolled-for-fitness average citation rate λ̄i ≡ ∆ki(t+ ∆t)/∆t (data points
indicated by circles) at fixed k. Data shown here pertain to the k = 27 bin of USPTO
patents from CPC Section A granted during 1999-2001.

6.4.2 Consequences for Obsolescence

The exponential time dependence (Eq. (6.25a)) generally describes ageing exhibited by

the fitness-controlled citation rate very well at all times (see Fig. 6.6). A worst-case

scenario can be found in Fig. 6.9 – situations like this seem to be isolated to large bins

at small times, and so may be related to a lack of data in these bins. In contrast, the dy-

namics of the uncontrolled-for-fitness average citation rate at short times systematically

shows an excess over the extrapolated exponential behavior observed in the long-time

limit, as seen in Section 4.5.

In addition to explaining a significant portion of the observed preferential attach-

ment, controlling for citation inflation as well as fitness has enabled us to reveal more

clearly the purely obsolescence-induced ageing process governing patent-citation dynam-

ics. The variation of the obsolescence times τ̃ extracted for patent cohorts from different
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CPC Sections can be found in Table 6.3. All parameter measurements are displayed for

all CPC Sections in Figs. 6.10 & 6.11, except for Section A, which is shown in Fig. 6.7.

Generally, τ̃ turns out to be larger by between 0.9 and 1.7 years than the time scale τ

extracted from the exponential ageing displayed by the uncontrolled-for-fitness citation

rate in the long-time limit, as shown in Fig. 6.8. While uncertainties are larger than

those observed for the uncontrolled-for-fitness case, and more categories displaying small

deviations from separability (manifesting as slow, systematic changes in τ̃ as k increases),

the approach taken in this chapter clearly shows much promise as a general framework

for measuring and incorporating intrinsic fitness into a model of citation network growth.
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CPC Section A B C F

α̃0 0.65± 0.09 0.76± 0.10 0.73± 0.08 0.81± 0.20

α̃∞ 0.82± 0.02 0.85± 0.04 0.83± 0.03 0.92 ± 0.07

α 1.13± 0.03 1.10± 0.06 1.11± 0.04 1.14± 0.07

f̃0 1.14± 0.13 1.33± 0.18 1.01± 0.16 1.87± 0.52

f0 1.32± 0.43 1.48± 0.62 1.05± 0.27 1.64± 0.66

τ̃ (yr) 7.53± 2.92 7.12± 1.97 6.50± 1.33 7.37± 2.08

τ (yr) 5.25± 0.54 5.47± 0.63 5.12± 0.48 5.84± 0.67

Ã0 (yr−1) 0.54± 0.08 0.35± 0.05 0.54± 0.05 0.30± 0.03

A0 (yr−1) 0.33± 0.04 0.26± 0.03 0.31± 0.04 0.23± 0.03

σln(η) 0.74 0.58 0.80 0.69

Ã(0)f̃(0) (yr−1) 0.49± 0.02 0.47± 0.01 0.38 ± 0.01 0.50± 0.01

CPC Section G H Y

α̃0 0.70± 0.03 0.69± 0.03 0.62± 0.05

α̃∞ 0.89± 0.04 0.89± 0.04 0.84± 0.03

α 1.10 ± 0.08 1.10± 0.06 1.10± 0.03

f̃0 1.16± 0.17 1.14± 0.15 1.15± 0.13

f0 1.22 ± 0.48 1.31± 0.37 1.35± 0.43

τ̃ (yr) 6.16± 2.82 6.15± 2.73 7.03± 1.51

τ (yr) 5.19± 1.21 5.25± 0.93 5.45± 0.41

Ã0 (yr−1) 0.35± 0.08 0.34± 0.07 0.40± 0.04

A0 (yr−1) 0.25± 0.05 0.22± 0.05 0.27± 0.02

σln(η) 0.61 0.55 0.60

Ã(0)f̃(0) (yr−1) 0.55± 0.01 0.60± 0.01 0.49± 0.01

Table 6.3: Technology-classification dependence of parameters associated with residual
preferential attachment (α̃0, α̃∞, f̃0) and obsolescence-related ageing (τ̃ , Ã0) in the cita-
tion rate given by Eq. (6.1), in conjunction with Eqs. (6.25a) & (6.25b). For comparison,
parameters in the uncontrolled-for-fitness average rate λ̄i ≡ (kαi +f0)A0 exp{−t/τ} fitted
to the data are also included. Both the saturation value α̃∞ (the weighted average of the
latest third among the extracted values for α̃) and the value α̃0 for t = 0 (corresponding
to the time of grant) are given. The time τ̃ given here is the weighted average of ob-
solescence times extracted for the fixed-k bins. For reference, the empirically extracted
standard deviation σln(η) of the log of fitness η is also given. The values for Ã(0)f̃(0) are
obtained from the time evolution of uncited patents (Eq. (6.23)). Comparing these with
Ã0f̃0 provides a satisfactory consistency check for demonstrating the overall suitability
of the current approach.
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6.5 Conclusions and Outlook

While node fitness in growing networks has been investigated endogenously in real-world

networks, the work detailed in this chapter goes an important step further by determin-

ing fitness for individual patents in terms of network-independent quality measures.

Obtaining fitness deterministically and exogenously enables the conclusive separation of

its effects from those due to preferential attachment and obsolescence-induced ageing.

These advances pave the way for broader studies of knowledge diffusion and could also

serve to inform the design of meaningful impact measures for technological innovation.

One striking feature exhibited by the fitness-controlled citation rate is the signif-

icantly reduced exponent characterizing preferential attachment. Previous theoretical

studies have suggested [124,282] that purely fitness-driven growth can cause phenomeno-

logically observed preferential-attachment dynamics. As our estimate of fitness η per-

tains to the attributes of patents known at the time of grant, it could be expected

that the mechanism for attracting citations at that time will be largely reflective of

this fitness. In fact, if we believe that citations are indeed a noisy proxy for knowledge

flow, then fitness may reflect the intrinsic properties of a patent that indicate the ex-

tent to which the knowledge contained in that patent is likely to diffuse, at least initially.

With this being said, α̃ is still significantly different from zero even at the early times

in a patent’s citation history. It is of course likely that our quantitative fitness measure

captures the true heterogeneity in fitness only imperfectly. It is impossible to say what

portion of the empirical preferential attachment observed after controlling for observ-

able heterogeneity in fitness represents unmeasured variation in fitness (related to the

remaining ‘ignorance gap’ about patent quality [276]), and what portion represents true

preferential attachment (the purely citation-number-driven kind as originally postulated,

e.g., in Refs. [1, 116]). It is interesting, however, that α̃ rises over time until it plateaus

after about 5 years. This pattern is consistent with an interpretation that the observed

positive relationship between citation probability and previous citations reflects agents’

understanding that accumulated citations convey information about the significance of

an invention, with the reliability of that information increasing as time elapses.

With the observation that citation accumulation is in part determined by the fitness

values calculated in this chapter, obsolescence times must also increase as a consequence.

This is because all obsolescence measurements are conducted by analysing the decay in
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the citation rate over time for groups of patents with the same number of citations at

each point in time. A set of patents with 10 citations each after 3 months would be

considered a highly successful group (η̄ > 1), while a set with the same number of ci-

tations each after 10 years would be considered positively mediocre (η̄ ≤ 1). Therefore,

if the fitness values calculated here are to reflect this difference it is expected that on

controlling for these fitnesses, the rate function will be decreased for the former group

due to their high fitness, and vice-versa for the latter group. This decreases the slope of

the ageing function and hence increases τ̃ , as seen in Fig. 6.6.

Given that there is a kind of fitness ‘gradient’ that decreases as time goes on in

these obsolescence measurements (for the same k-bin), the ability to accurately measure

fitness for patents with different underlying levels of quality starts to become important.

It is possible that due to their large numbers of citations at early times, and because the

fitness metric is calibrated at grant, that the patents in the example above that obtain

10 citations very early in their lifetime have more accurately estimated fitness values

than those patents that obtain 10 citations much later. Due to the positive skewness

of the fitness distribution, this latter group is more likely to have an average fitness

that is biased upwards. This leads to the slope of the ageing function being larger (and

thus τ̃ being smaller) than it perhaps should be if fitness were estimated with the same

accuracy across all patents. This would be a particular problem for the small-k-bins

which at long times contain unsuccessful patents of the type for which there was very

little resolution in citation numbers at the time of calibration (leading to less accurate

fitness estimation). At the same time, the calibration-at-grant will likely overestimate

the importance of particular patent attributes. This would mean the fitness-controlled

rate would be too small for patents that are successful early, and this would lead to the

slope of the ageing function being smaller (and thus τ̃ being larger), due to this being

a bigger problem at small times when there is less data in these large-k bins for this

effect to be mitigated by patents for which fitness is underestimated. These two effects

together (underestimation of τ̃ for small k and overestimation for large k) may produce

the upward slope visible in the measurements of τ̃ displayed in Figures 6.7, 6.10, & 6.11,

and may be mitigated in the future by explicitly correcting for these biases given the

known discretisation problem and the skewness of the fitness distribution.

An unexpected result in these obsolescence measurements, however, is the near-

elimination of the deviation from exponential obsolescence that was observed in Section

4.5.2. It was postulated therein that these deviations may have been due to quality
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differences that were not reflected accurately until some citations had been accrued or,

alternatively, may be reflective of mechanisms of knowledge diffusion. The fact that

these deviations are mostly unobserved after controlling for fitness appears to lend some

evidence to the former explanation, but if fitness also plays a large role in the short-

time diffusion process then this could also explain the results. More work is required to

understand the role of fitness on the citation histories of patents at different points of

their lifetime, as evidenced by both the disappearance of short-time deviations and by

observations of increasing α̃ leading to saturation after a short period of time (as seen

in Fig. 6.7).

The work described in this chapter represents a novel way of integrating well-established

knowledge on patent quality from the economics literature with well-established mathe-

matical work on the effect of node heterogeneity on the growth of networks. Additionally,

this chapter, in a more succinct form, has been published in Physical Review E as a pres-

tigious ‘Rapid Communication’ [314]. There are many extensions to this research that

may better inform us about the nature of patent quality and its role in knowledge diffu-

sion, including but not limited to different empirical techniques, model augmentations,

and the addition of new variables. These topics are discussed in Section 7.5.
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6.6 Additional Figures for Chapter 6
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Figure 6.10: Measuring preferential-attachment-type growth and ageing in the fitness-
controlled citation rate of patents granted by the USPTO. Rows represent technology
categories (excluding category A, for which the parameter estimates can be seen in Fig.
6.7) while columns represent the parameter measurements.
Rows: Parameter estimates for the cohorts of patents assigned, from top to bottom,
categories B, C, and F.
Columns: Left: Obsolescence time τ̃ extracted for each bin of patents with fixed
number of citations k from fitting the fitness-controlled citation rate to the form of
Eq. (6.25a) for times t ≥ t0 = 2 years. Centre: Preferential-attachment exponent α̃,
extracted for fixed times t from fits of the fitness-controlled citation rate to the form of
Eq. (6.25b). Right: Constant contribution f̃0 to the preferential-attachment part of
the fitness-controlled citation rate, extracted for fixed times t from fits to Eq. (6.25b).
Circles are fit-parameter values, solid lines their weighted averages, and black dashed
(red dotted) curves show 95% confidence intervals for fit-parameter values (weighted
averages). In the case of α̃, averages and confidence intervals are calculated for the last
third of the measurements.
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Figure 6.11: Measuring preferential-attachment-type growth and ageing in the fitness-
controlled citation rate of patents granted by the USPTO. Rows represent technology
categories (excluding Category A, for which the parameter estimates can be seen in Fig.
6.7) while columns represent the parameter measurements.
Rows: Parameter estimates for the cohorts of patents assigned, from top to bottom,
categories G, H, and Y.
Columns: Left: Obsolescence time τ̃ extracted for each bin of patents with fixed
number of citations k from fitting the fitness-controlled citation rate to the form of
Eq. (6.25a) for times t ≥ t0 = 2 years. Centre: Preferential-attachment exponent α̃,
extracted for fixed times t from fits of the fitness-controlled citation rate to the form of
Eq. (6.25b). Right: Constant contribution f̃0 to the preferential-attachment part of
the fitness-controlled citation rate, extracted for fixed times t from fits to Eq. (6.25b).
Circles are fit-parameter values, solid lines their weighted averages, and black dashed
(red dotted) curves show 95% confidence intervals for fit-parameter values (weighted
averages). In the case of α̃, averages and confidence intervals are calculated for the last
third of the measurements.



Chapter 7

Conclusions and Outlook

7.1 Conclusions

Invention and the institutions in which invention occurs are complex, like so many human

systems. The work detailed in this thesis constitutes a small step toward understanding

a small segment of the innovation ecosystem, and in addition I hope it provides a use-

ful template for productive research at the intersection of physics and economics, two

conventionally disparate academic fields. In the course of the research detailed in this

thesis, it has become clear to me that analytical and empirical tools are not field-specific,

and that the novel application of tools traditionally associated with a different field may

deliver great insight into old problems, providing they are applied with both domain-

specific context and prior work in mind.

Combining the domain knowledge detailed in Chapter 2 with the novel analytical

results in Chapter 3, lead directly to new findings – the reliable separation of growth

and ageing mechanisms in citation accrual (Chapter 4) – in a field that has been active

for decades. This result was then replicated on a different knowledge-based network

(Chapter 5) with different field-specific considerations that needed to be taken into ac-

count. Empirical separation of these mechanisms is something that is generally assumed

but never tested [35–39]. This work provides a strong foundation for investigating this

phenomena to gain greater understanding about the relationship between diffusion and

obsolescence on a more granular level. This pathway provides strong evidence for the

claim made above: established tools transferred into unconventional fields can yield

significant new results, provided the analysis and interpretation is done with the field-

specific context in mind.

159
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The work in Chapter 4 was then built on in Chapter 6, wherein new patent-specific

information was integrated into the existing models. It was found that by combining

relatively simple metadata into a single fitness metric, a large portion (20-30%) of the

preferential attachment strength could be explained by some notion of patent quality

– a truly novel finding in the field of network science with wide implications for the

interpretation of results of any informetric analysis that uses citation data. The results

provide not only further insight into the nature of invention and knowledge diffusion but

also insight into the growth of other, unrelated, networks. This outcome is worth empha-

sising – a considerable development in our understanding of network growth generally

was only made possible through the understanding and application of domain-specific

knowledge typically unrelated to networks. Further, this domain-specific knowledge was

already well-established and waiting to be applied in a new way. I find this particularly

encouraging; there must exist many other established research fields that are yet to be

integrated into a more general framework and have the potential to significantly add to

our understanding of other real-world systems altogether unrelated to the original field.

The findings contained in this work and the associated published articles have al-

ready found significant traction in a number of fields. Chapters 4 and 5 are updated

and expanded versions of my papers published in Physical Review E [157] and Journal

of Informetrics [245] respectively, both among the most highly regarded journals in their

respective fields. The work described in Chapter 6 was recently published in Physical

Review E as a Rapid Communication [314], a category “intended for the accelerated

publication of important new results.”1 These publications have attracted citations of

their own from variety of sources, from the economic literature [315] to the network

science literature [124, 138]. The methodologies developed and results described in this

thesis have even had a not-insignificant impact on the study of human collective memory,

in an exciting paper published in Nature Human Behaviour [40].

The impact of the work contained in this thesis speaks for itself – there is an interest

in these topics across multiple academic communities, which I believe provides a man-

date for further research on these topics. For the remainder of this chapter, I will outline

some of the extensions and exciting research avenues for the future that have emerged

from the work in this thesis and describe some alternate frameworks that shed light on

1journals.aps.org/pre/authors/editorial-policies-practices#articletypes

journals.aps.org/pre/authors/editorial-policies-practices#articletypes
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the nature of invention from a different angle.

7.2 Biological Approaches to Technological Evolution

Network models, while very useful for the study of knowledge diffusion and obsolescence,

do not have a lot to say about why technology evolves. There are clear economic and

social incentives that drive technology forward, however, both the rate of progression of

these developments and the form they take may be better explored within a different

framework. Concepts from the field of complex adaptive systems are the most common

tools for this task, and they can be used to characterise and understand the ecosystem

within which inventions are developed [316]. These tools were not applied to patent data

in this thesis, but they may provide a useful framework for thinking about differences in

network growth dynamics between different technology types and provide readers with

an alternative view of technological development as a random process.

One of the most prevalent models from this literature adapts a framework from

the field of evolutionary biology (and is itself analogous to earlier spin glass mod-

els [317–320]): the NK landscape [321–324]. This model treats inventors as agents explor-

ing a combinatorial phase space in search of an invention with optimal ‘fitness’2 [325,326].

This phase space consists of all possible combinations of N components, where each

combination has a certain level of fitness. The NK landscape itself has ‘tunable rugged-

ness’ [320,322] as defined by the level of interdependence of the components, encapsulated

by the parameter K. Inventors can then search this landscape for local or global maxima,

which are often assumed to be patentable inventions [327].

This framework is suited to the understanding of how inventions are recombined,

rather than the diffusion of those ideas in the first place. The idea that new ideas are

often just combinations of older ones is not itself a new concept [328–330], so the concept

of an NK landscape as applied to technological evolution is particularly appealing for

the study of knowledge recombination on the scale of individual inventions.

Ecology also offers some parallels with technological development, and places more

2This fitness is not defined in precisely the same way as the concept of node fitness in Chapter 6,
however, the concepts are related.
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emphasis on the industrial and political environments in which inventions exist and inter-

act [331]. There is a particular focus on the development of technological niches [332,333],

and this line of enquiry generally assumes that evolution and natural selection are occur-

ring due to external pressures with little concern for the micro-level ‘genetic’ approach

that the combinatorial NK approach posits.

These two approaches look at technological development at two different, and com-

plementary, scales; and while there is much interesting information to be garnered by

these approaches, it is generally difficult to use them to study the specifics of dynamics

of technological diffusion and obsolescence. A notable exception involves the synthesis of

technological search on an NK-landscape with the social network in which the process of

invention takes place [209]. In this work, the authors examine differences in knowledge

diffusion through the different dimensions in which a social connection between inventors

may be inferred: co-invention, firm membership, and geographic co-location. It is dis-

covered that the complexity and interdependence (the parameter K from above) of ideas

has a substantial effect on the transmission of knowledge in each of these dimensions and

that the differences in transmission rates are most significant for inventions of middling

complexity.

Diffusion extent and speed through both the social networks and technological net-

works in the temporal dimension needs to be examined in more depth, however. As

described above, the social and industrial networks in which inventors and firms are

embedded have a role to play in the facilitation of knowledge diffusion [74, 168, 209].

Despite this, very little work has been done to empirically examine the temporal dimen-

sion of knowledge diffusion through these networks, and how their structure affects this

diffusion. In other words, how does network structure affect both the speed at which an

invention catches on, or the rate at which it becomes obsolete? Answering these ques-

tions may provide understanding that allows the adoption of systems, programmes, or

policies designed to maximise both the speed and extent of knowledge diffusion within

and between industries to the benefit of all.

7.3 Changing Citation Behaviours & Network Structure

A conspicuous omission from this thesis is the comparison of the citation dynamics of

cohorts of patents granted in different years. While this kind of temporal analysis was
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not a goal of this research, it would be straightforward to extend this analysis in this

way – providing special care is taken to control for, or examine, the effect of signifi-

cant changes in patent law or patent office procedures and policies. The fitness analysis

may be particularly useful for this purpose, as it provides an opportunity to look at the

predictability of patent success, and changes in the determinants of this success. A com-

parison of cohorts would also allow for the analysis of changes in citation behaviours and

how these are related to changes in the systems in which they are made. For example,

do the citation networks constructed in different periods reflect changes in innovation

policy? If so, at which scale are these differences most substantial: mesoscopic or macro-

scopic? We saw, for example, in comparing the patent and scientific citation networks

that while the mesoscopic network structures are very different [95], the network growth

and obsolescence behaviours on the macroscopic scale are very similar. A similar com-

parison could be made between different periods of the same network, and may lead to

insights about the relationships between the two scales.

7.4 Comparisons to be Made (or Not)

7.4.1 Scientific Citations

Much of the work in this thesis was made possible by the standardised, systematic, and

public recording of patent information. Scientific research and its associated records,

although often funded by taxpayers, is not as easy to access (to the detriment of almost

all parties) and often not systematised in a way that is useful for science-of-science [26]

researchers. A fitness analysis as detailed in Chapter 6, for example, would be very

difficult to conduct on scientific articles without a significant narrowing of topical scope,

and thus a potential reduction in generality. Given this limitation, however, there is still

much to be done that can utilise the information that is available.

Most pertinent to the research detailed in this thesis is further work on the important

differences in network structure between the scientific and patent citation networks. The

structural differences outlined in Section 7.3 illustrate the dangers of drawing conclu-

sions about network growth mechanisms through analysis of a single scale, while also

providing insight into the importance of the various network-growth mechanisms. After

all, the two networks both represent the structure of knowledge flows, and so perhaps

the specific local mechanisms, when aggregated, lose all significance and give way to the
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macroscopic behaviours common to both networks. The changing importance of dif-

ferent knowledge diffusion mechanisms on different scales should be examined in more

depth to understand better the human aspects of these mechanisms that rise above the

systems in which they are acting.

Another interesting avenue is the investigation of changes in scientific citation be-

haviour through time, and the effect of new tools for literature search with special atten-

tion on preferential attachment and obsolescence. In particular, do search engines make

science more meritocratic, or less? On the one hand, it is easier to find lesser-known

papers via, for example, keyword search. On the other hand, the ranking algorithms

explicitly weight highly-cited papers, leading directly to a real preferential attachment

mechanism and perhaps boosting its effect. One may hypothesise, for example, that

these search engines have proven a boon for articles with a moderate number of cita-

tions, but have done little to improve the prospects of less cited works. This kind of

question may be addressed with the methodologies described in this thesis.

7.4.2 European Patent Office Data

The data used in this thesis comes primarily from the United States Patent and Trade-

marks Office (USPTO), but there are other jurisdictions whose patents and associated

metadata may be analysed similarly to those of the USPTO. The most accessible and

well-studied patents granted in these other jurisdictions are those granted by the Euro-

pean Patent Office (EPO), and as such, it is important to justify the restriction of the

scope of the analyses in this thesis to USPTO-granted patents.

The EPO grants European Patents, which are valid in the subset of EPO-serviced

countries selected by the applicant3. There is no duty of candor, and thus little incentive

for applicants to include their knowledge of relevant prior art in their patent application

unless it helps to establish the patentability of the invention in question [334]. This

means that before looking at differences in examination procedures, the argument that

citations are indicative of knowledge diffusion is weakened and results stemming from

EPO citation data require significantly different interpretation than those derived from

USPTO data [149].

3EPO patents are, therefore, not a single patent but a bundle of patents.
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The procedures for prior-art search at the EPO also differ significantly from the

USPTO. Most pertinently for the kind of analysis in this thesis, the EPO aims specif-

ically to cite all relevant patents in as few citations as possible [52]. This, combined

with the lack of a duty of candor, results in 60-90% fewer citations on EPO-granted

patents when compared to USPTO-granted patents [52,149]. Therefore, even if measur-

ing preferential attachment strength in citation accrual is the only goal, EPO citation

data offers significantly less spread in patent citation counts with which to make these

measurements.

In short, differences in citation practice between the EPO and USPTO make it diffi-

cult (and in some contexts, nonsensical), to compare results of the same analyses between

these jurisdictions. For this reason, the decision was made to restrict the focus of the

analyses of patent citations to those made by and to USPTO-granted patents. While

this is a limitation of this work, this choice is justified by the increased citation-count-

resolution afforded by the USPTO data, the inclusion of applicant-provided prior art,

and the larger body of existing academic research focusing on this jurisdiction that can

be used for reference and comparison. This latter point perhaps itself embodying a kind

of preferential attachment effect in favour of the USPTO data.

7.5 Extending Patent Fitness

The research detailed in Chapter 6 provides a blueprint for investigating the effect of

patent quality on the growth of the citation network. This is a wholly novel approach

and is therefore limited in scope so as to focus on the essential aspects that demon-

strate its utility. It was a conscious decision to ensure that, to draw an analogy, the

foundations of this house were stable before building additional stories. Now that this

approach appears to be stable and useful, it is possible to suggest augmentations and

modifications that may yield exciting new results.

Oblique Fitness Dimensions

In principle, we could use the results from our factor analysis in Section 6.3.1 to compare

the different latent factors that are related to technological impact for different types
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of inventions, but our methodology is not optimised for this purpose. In order to do

this more rigorously, an oblique factor rotation could be utilised after the factors are

extracted. In the current methodology detailed in that chapter, the factors are rotated

while ensuring they remain orthogonal – this is merely a restriction on the form of the

transformation matrix. This restriction ensures that the factors obtained after the scor-

ing procedure are as uncorrelated as possible given the data. Orthogonality of factors is

a suitable restriction for our purposes, as it allows the reasonable linear combination of

factors that make up the fitness metric η to be mostly devoid of double-counted patent

characteristics; therefore, orthogonality is ultimately retained for convenience and does

not necessarily reflect the real-world dimensions of patent quality. Orthogonality may

even introduce unwanted artefacts into the factor loadings as a result of this, as there

may exist unobserved common influences on the factors themselves. This would not

only mean an oblique set of factors may be the most interpretable structure to explain

the observed variance in the data, but that an orthogonal set of factors would be more

difficult to interpret due to the adjustments that must be made to the factor loadings

to ensure this forced orthogonality of oblique dimensions [298].

Ideally, if integrating the patent quality dimensions into a growing-network frame-

work was not the goal, oblique rotations and ex-post variables would add a lot of infor-

mation and allow the resultant factors to be more easily interpreted. The simultaneity

problems that ruled out using ex-post variables in the network growth model would no

longer be relevant and forward citation counts could actually be included in the factor

analysis itself.

Ex-Post Variables and Dynamic Fitness

The inclusion of ex-post variables also opens the door to more complex models of patent

fitness, including the dynamic view that doesn’t enforce the static intrinsic fitness ob-

tained in Chapter 6. Information about the real utility of an invention may not be

revealed until long after it is granted, and ex-post variables may provide the opportu-

nity to capture the dynamic nature of the state of this knowledge. The dynamics can

be built into the model either at the factor level, where the compositions of the factors

change with time, or at the fitness level, where the factors remain the same, but their

weights in the fitness metric can change with time. The appropriate approach depends

on what the goal of the investigation is: the former may be better for understanding
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the changeable nature of the dimensions of quality (which may be best captured by

an oblique rotation), while the latter may be better suited for incorporation into the

growing-network model investigated in this thesis. As discussed in Section 6.3.3, the

point in time at which we define t = 0 is almost arbitrary, and therefore it may be pos-

sible to continuously update the composition of the fitness metric over time, providing

simultaneity is dealt with adequately.

Inclusion of Additional Variables

Many potential patent-quality indicators were not included in the fitness analysis, of

both the ex-ante and ex-post varieties. These are briefly covered below to indicate po-

tential new or seldom-used sources of information that could be used in future work on

this topic, in conjunction with both the existing set of ex-ante quality indicators and the

common ex-post indicators briefly discussed in Section 6.1.1.

Bibliometric/event-based indicators. Some bibliometric or event-based indicators

have been omitted from this thesis for practical reasons, including the characteristics

of the inventors [335] and firms [335–337] associated with each patent. The main reason

for this is to avoid loss of data due to undefined input variables – many patents are not

assigned to a firm, for example, and many inventors do not have an invention history

from which to extract information. For a smaller, select sample of patents for which vari-

ables derived from these attributes can be defined for the vast majority, however, there

is much potential in the use of this data. This is also true for stock market-based [67,78],

auction-based [268], or licensing-based [286] indicators for which data is only available

for a select group of patents that are not usually a representative sample.

Patent examination data are generally available for all patents, but this requires

a large amount of pre-processing conducted with a deep understanding of the exami-

nation procedure. The information required to construct indicators from examination

data is generally easily accessible, and includes both categorical variables such as the

patenting route (such as direct application to the respective offices or via the Patent

Cooperation Treaty process) or whether the application is a continuation or a divisional

patent, and ordinal variables derived from the interactions between the examiners and

the inventors/attorneys applying for the patent. This information, while not generally

suited to factor analysis (although this may be remedied using a multiple correspon-
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dence analysis [338]), has been found to correlate with more established patent quality

indicators [264].

Although not possible for the vast majority of patents considered in this thesis, back-

ward citations originating with applicants can be distinguished from those added by the

examiner for all patents granted after 2001. It would be useful to incorporate consider-

ation of the differences between these two types of citations [44,87] in future work.

Network-based indicators. It has been noted at various points in this thesis that the

notion that citations form a network was merely a helpful mental framework and did

not influence the analyses conducted. This fact is still true for Chapter 6, even if node-

fitness as a way to envision heterogeneity of inventions makes the network framework

even more conceptually useful than in previous chapters. Taking into account network

position and the local network environment of patents in the citation network may prove

useful as indicators, as these are inherently node-level characteristics and thus ideal for

integration into the fitness metrics.

A notable omission from this class of indicators is homophily – the tendency of

nodes to link to other nodes with similar characteristics. Building this tendency into

the model would effectively eliminate the need to disaggregate patents by their tech-

nology category, as the differences observed between these categories could be captured

by some function that takes into account the probabilities of new citations forming be-

tween patents with certain intrinsic properties. This is a challenging task; however, it

has been approached in other contexts (both theoretical and empirical) in many inter-

esting ways [123, 339–341]. Additionally, community membership is closely related this

concept [342], and thus homophily will likely explain much of the observed community

structure in patent networks [159,343].

Individual-node-level network-based characteristics that are much less daunting to

calculate includes local clustering and centrality measures. Local clustering in citation

networks can be calculated using a simple triangle-based approach [141] to check for cita-

tion links between two patents that are both cited by the same patent.4 Clustering may

be associated with the existence of patent thickets [33, 344] and indicate a particularly

4Often this is achieved in directed networks by counting cycles [142], but these do not generally exist
in citation networks.
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crowded technological space. Centrality is a whole class of metrics that each capture

some notion of the importance of each node to the structure of the networks. PageRank

centrality [345], for example, is the result of a random walk on a network (mathemati-

cally this can be reduced to an eigen-decomposition), a computationally efficient way of

ranking nodes based on the probability of passing through each of them during this ran-

dom walk. The standard algorithm needs to be adapted somewhat for directed acyclic

networks and has already been investigated in patent networks [210, 246]. Other com-

mon centrality measures that could be applied to fitness in patent citation networks are

betweenness centrality [346], closeness centrality [347], and eigenvector centrality [348],

each of which may reflect some new aspect of fitness related to network position, and in

some cases may only be possible to calculate for cited patents (c.f. the Pedigree metric

defined in Section 6.2).

Networks derived from patent metadata may also provide information about patent

quality, and in particular, those derived the projections of bipartite networks [111, 349]

such as the co-invention network of inventors, the co-assignment network of firms, and

the co-classification network of technology categories, in addition to the individual char-

acteristics of these entities. The network location of these metadata in their respective

networks may have a large part to play in informing both the nature of knowledge flow

between people [74, 169] and the effect of unique combinations of expertise or technolo-

gies [209]. An interesting piece of work in this vein is the recent study of Morgan et

al. [350], the results of which highlight the institutional inequalities inherent in the dif-

fusion of scientific knowledge. Additionally, citation flow between different firms and

technology categories can potentially provide information on network structures reflec-

tive of knowledge flow [351].

Natural-Language-based indicators. Finally, while there has been some recent activ-

ity on the classification of patents through an examination of the textual information

contained in them [177,352], little appears to have been done to use this information to

gain information about patent quality. Interesting results may be garnered via measures

of, for example, the vagueness of the invention descriptions via a kind of sentiment anal-

ysis [353], or analysis of particular elements related to the language structures within

the written descriptions (e.g. [354–356]). Other approaches may include ease of reading

or other attributes that take advantage of the fact that both attorneys and examiners

are human, and their citing behaviour may be somewhat dependent on the writing-style

characterising the way particular inventions are described. Topic models [2] in partic-
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ular lend themselves nicely to bipartite network construction (and projections thereof)

in a similar fashion to the co-classification network of technology categories mentioned

above [357]. These methodologies may be able to produce more natural and robust rep-

resentations of technological relatedness, while also providing an alternative approach

to technological distance and homophily through semantic relatedness [357] – this could

prove particularly useful if one is attempting to disentangle relatedness from fitness and

preferential attachment effects [123].

7.6 Parting Words

There are many ways to extend and refine the methodologies and results described in

this thesis; it is a starting point for novel ways of thinking about both the empirical

study of growing networks and the meaning of citations in this context. For example, if

we think that obsolescence and knowledge diffusion are distinct and unrelated processes,

then these assumptions should be made explicit, or better yet, tested. Further, if we

believe that preferential attachment is simply a stand-in generative mechanism for a

menagerie of unobserved processes and behaviours, then this should be stated, so read-

ers know how to interpret results. It is my hope that these fundamental assumptions,

among others, about the nature of citation accrual and the context in which it takes

place have been confronted head-on and given the attention they deserve.

With luck, I look forward to being part of some of the efforts that will augment the

work in this thesis.
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